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Abstract of the Dissertation

On the Zeros of Random Polynomials

By
Jeffrey Seiichi Matayoshi

Doctor of Philosophy in Mathematics
University of California, Irvine, 2009
Professor Michael Cranston, Chair

In this dissertation we will prove several results pertaining to the properties of
zeros of random polynomials. We will begin with a discussion of the expected number
of real zeros for random polynomials with dependent standard normal coefficients.
With certain restrictions imposed on the spectral density of the coefficients’ covariance
function, we will show that similar behavior to the independent case can be expected.
Specifically, the value of the expected number of real zeros grows asymptotically like
%log n, as n — oo. After studying the real zeros, we will next consider the number
of K-level crossings. Again imposing certain restrictions on the spectral density, an
asymptotic value will be derived for the expected number of K-level crossings of
random polynomials with dependent standard normal coefficients.

The next problem that will be considered is a study of the distribution of the com-
plex zeros. Once more imposing restrictions on the spectral density, we will show that
the complex zeros of random polynomials with dependent standard normal coefficients
converge to the unit circle. Additionally, we will derive expressions approximating
how fast this convergence happens. By then adapting the techniques used in the
aforementioned problem, we will study the behavior of random polynomials which
have applications to the GSM (Global System for Mobile Communications)/EDGE
(Enhanced Data Rates for GSM Evolution) standard for mobile phones.

The last part of our work will consider the zeros of random sums of orthogonal

xil



polynomials. For a random sum of the Chebyshev polynomials of the first kind,
orthogonalized over the interval [—1, 1], we will show that the distribution of zeros
converges to the corresponding equilibrium measure for this set. This result will
lay the foundation for some further work in the area of random sums of orthogonal

polynomials.
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Introduction

A random polynomial is any polynomial of the form
(1) Po(w,w) = Pa(x) = Y Xpa®,
k=0

where the coefficients, X}, are random variables, either independent or dependent,
with some given distributions. The study of random polynomials is a broad area, with
work being done on all the usual topics of interests for polynomials. This includes
studying the properties of the zeros, maximums, minimums, and level crossings. It is
an area with a rich history that contains results from such notable names as Littlewood
[18], Kac [16], and Erdos [10]. In addition to being mathematically interesting in
themselves, random polynomials have also found applications in various scientific
fields. In quantum chaos, for example, it has been shown that random polynomials
are good approximations for the eigenfunctions of the quantum Hamiltonian (see [32];
see also [3, 4] for further applications to quantum chaos). Another area of application
would be in wireless communications [26], an example of which will be covered in
more detail later. For a thorough discussion of the various properties of random
polynomials, see the books by Bharucha-Reid and Sambandham [2], and Farahmand
[13].



This dissertation will focus on studying the various properties of random poly-
nomial zeros. In the first chapter, we will begin by giving a broad survey of the
historical results in this area, including studies done on the expected number of real
zeros, the expected number of level crossings, and various results on the distribution
of the complex zeros. Additionally, we will also mention a result pertaining to the
zeros of random orthogonal polynomials, as well as introduce some of the important
concepts needed for our later work. The remaining four chapters will then be devoted
to original research studying the aforementioned properties of random polynomial
zeros. Chapter 2 discusses the expected number of real zeros of random polynomi-
als with dependent coefficients, while Chapter 3 will discuss the expected number of
K-level crossings. Chapter 4 will focus on the complex zeros of random polynomi-
als, again with dependent coefficients, while also discussing an application of random
polynomials to wireless communications. Lastly, Chapter 5 will contain a result on
the distribution of the complex zeros of random polynomials that are composed of

sums of orthogonal polynomials.



Chapter 1

Historical Results and Background

This chapter will be divided into several sections as follows. After starting with some
preliminary definitions and notation, we will discuss several results on the expected
number of real zeros for various types of random polynomials. This will include
several results for independent coefficients, as well as the two main historical results
for dependent coefficients. From here, we will move on to a couple of results on K-
level crossings, followed by several important works on the distribution of the complex
zeros. Next, we will discuss the work of Shiffman and Zelditch [29] on random sums
of orthogonal polynomials, which will be fundamental to our result in Chapter 5.
Finally, our last section will introduce several of the tools and concepts that will be

needed in subsequent chapters.

1.1 Definitions/Notation

Throughout this work, we will assume that our random polynomial, P,(x), has the
form given in (1). To emphasize the differences in the situations, we will refer to our
polynomial as P, (z) in general or when focusing on the real zeros, while using P,(z)
when referring specifically to the complex zeros. Also, for any given set €2 € C, we
will define v,(€2) to be the number of zeros of P,(x) in the set . When dealing with
zeros on the real line, we will use the more standard notation N(a, [3) to represent the

zeros of P,(x) on the interval («, 3). Similarly, Nk («, ) will represent the number



of K-level crossings on the interval (a, ().

1.2 Real Zeros

1.2.1 Independent Coefficients

One of the earliest results in the study of zeros of random polynomials is due to J.E.
Littlewood and A.C. Offord in 1938 [18]. They considered three main cases of inde-
pendent coefficients: those with a uniform distribution on (—1, 1), a standard normal
distribution, or a distribution taking the values of 1 and —1 with equal probability.
While no explicit values for the expected number of real zeros were given, some upper
bounds were obtained. It was shown that in the three main cases mentioned above,
the expected number of real zeros is at most 25(log n)? +12log n. This is an interest-
ing result because of the low value of the upper bound. Since a polynomial of degree
n has at most n real zeros, it is slightly surprising that the expected number of real
zeros can be bounded above by such a low asymptotic value.

The next major result (at least for our purposes) came from Mark Kac in 1943 [16].
Under the assumption that the coefficients are independent standard normals, Kac
showed that the expected number of real zeros is on the order of %log n, as n — 00.
This result is noteworthy not only because it is one of the first (if not the first) explicit
calculations of a random polynomial’s expected number of real zeros, but also because
it makes use of the Kac-Rice formula, which is a formula for computing a random
polynomial’s expected number of real zeros, in its earliest form. Using this formula,

Kac proved that the expected number of real zeros on any interval («, [3) is given by

1 B (pdn _ 2..2(n+1) 2(n2 — 12" — n? 2(n—1) 1 1/2
(1.1) E[N(a,p)] = _/ (z n?x +2(n 3 n2x +1)
. SV = STy

dx,

™

from which the above estimate is derived.
Now, from the formula above, it can be seen that the zeros tend to accumulate
around -1 and 1. Before moving on, it may be useful to give some intuition into this

behavior of the zeros. To see one possible reason for this, consider the polynomial
f(z) = ao + a17 + agx® + - - - + a,z", la;| = 1.

4



If x € [—%, %], the ag term will dominate, and there will be no zeros. Similarly, if
x € [2,00) or © € (—00,—2], the a,z" term will dominate, and there will also be
no zeros. So, for this example, the only possible zeros are in the intervals (%, 2) and
(—2, —%), which is somewhat similar to the behavior exhibited by the polynomials
Kac studied. Additionally, since the coefficients of the polynomials studied by Kac
are symmetrically distributed with mean zero, values of x near 1 and -1 would make
it easiest to have cancellation between the terms, hence producing zeros. Thus, given
these details, the behavior of the zeros is not as surprising as it might appear at first
glance.

At this point the contributions of Rice should be mentioned. About the same time
that Kac was working on the previously mentioned problem, S.O. Rice was working
on problems related to stochastic noise. In the course of this work he independently
developed a formula similar to Kac’s for computing the expected number of real zeros
of a random polynomial [20]. For this reason, the formula is credited to both of them
and is now known as the “Kac-Rice” formula.

In 1955 Erdos and Offord [10] studied a class of random polynomials where the
coefficients are either 1 or -1 with equal probability. Their result showed that the
number of zeros in this case is also on the order of %log n, for most of the equa-
tions. That is, the estimate holds except for on a small proportion of the total set of
equations. This paper is important for our purposes because it develops a number of
techniques which are later used by Sambandham. Sambandham, whose work will be
discussed in the next section, employed these techniques in his study of random poly-
nomials with dependent standard normal coefficients, where the covariance function
is exponentially decaying.

Another result worth mentioning came from Edelman and Kostlan in 1995 [9].
They considered, like Kac, random polynomials with independent standard normal
coefficients. They computed the expected number of real zeros and, again like Kac,
derived the same estimate. However, Edelman and Kostlan used a geometric approach
which was original and very different from any previous method. They considered the

joint density function for a sequence of n standard normal random variables, which has



the form We_%""’, where v € R™"!. In the case of independent standard normals,
the density becomes a function of the radius alone. If the radius is restricted to be 1,
the values of this sequence of random variables are uniformly distributed on the unit
sphere in R"™!. Defining the curve x(t) = [1,¢,#2,...,t"]7, it follows that Vv € R"*1,
v-x(t) is a realization of the random polynomial P,(¢). Furthermore, this polynomial
will have a zero when v L x(t), for some ¢ € R. By calculating the area on the sphere
of the points which are orthogonal to x(t) for some ¢, and then dividing by the total

area of the sphere, Edelman and Kostlan were able to derive Kac’s formula for the

expected number of zeros.

1.2.2 Dependent Coefficients

Once estimates are obtained for the independent standard normal case, an interesting
next step is to analyze the behavior of the zeros when some dependence is assumed
among the coefficients. The main work done for dependent standard normals can
be divided into two cases. The first assumes that the coefficients have a constant
covariance, p, where p € (0,1). Under these assumptions, it has been shown that the
expected number of real zeros is on the order of % log n, or half of that in the indepen-
dent case. Sambandham first studied this situation in 1976 [23], but a later result of
his own contradicted his initial findings [25]. Later work by Miroshin [19] confirmed
the validity of Sambandham’s second result, which gave the correct estimate above.

The second case assumes the coefficients have an exponentially decaying covari-
ance, which was considered by Sambandham in 1977 [24]. That is, letting X, X1, . ..
be a stationary sequence of standard normal random variables, the covariance func-
tion is given by

E[X;X;] = pl'l.

When 0 < p < 1/2, Sambandham showed that the expected number of real zeros is
on the order of %log n. This result matches the value obtained in the independent
case.

It is interesting to note some of the possible explanations that appear in the



literature for these differing expected values. The first noticeable result is that the
same estimate holds for the expected number of zeros in the independent case and
the dependent case where the coefficients are exponentially correlated. A reasonable
explanation for this is that the correlation between the coefficients is dying out at a
fast enough rate (exponentially fast) to make them behave as if they are independent,
resulting in a similar amount of zeros. On the other hand, there are half as many
expected zeros in the dependent case with constant positive correlation. In this
situation, because of the constant correlation, it is reasonable to expect that most of
the coefficients would be of the same sign. If a polynomial has coefficients of all the
same sign, the only possible zeros would be on the negative real line. This makes
the expected number of zeros on the positive real line negligible, resulting in half the
number of expected zeros as in the previous two cases.

A further direction of research motivated by these ideas is to try and identify at
what point this result changes; that is, can we identify some critical rate of decay for
the correlation function at which the expectation changes. We know if the covariance
decays fast enough, the coefficients exhibit independent behavior. If the covariance
has no decay, we have half as many zeros. Between these extremes it would be
interesting to see what other types of behavior happens, and what properties of the
covariance functions lead to this behavior. These questions are what motivated the
work in Chapter 2.

One additional simple, yet interesting, case is when the coefficients have a constant
covariance of 1. By using the Kac-Rice formula, it can be shown that the expected
number of zeros is on the order of a constant. However, by performing the simple

calculation
E[(X;—X,;)’| =E[X}] +E[X]] —2E[X;X;] =2—-2=0, i#]}

it follows that X; = X a.e. for any 7, j. Thus, the only possible zero of this polynomial

would be -1, and only when n is odd.



1.3 K-Level Crossings

Consider the problem of computing the expected number of real zeros of the equation
P,(x) = K, where K is a given constant. These zeros are otherwise known as the
K-level crossings of P,(x). When studying such crossings, two main situations are
usually considered. The first assumes K is bounded, while in the second K is allowed
to grow along with n. Two important works in this area are due to Farahmand.

For independent standard normal coefficients and K bounded, Farahmand [11]
showed that the total expected number of K-level crossings on (—oo,00) is on the
order of %log n, which is the same result as for the real zeros. However, a curious
behavior is exhibited when K is allowed to grow with n. Assuming K = o(y/n),
the expected number of crossings on the interval (—1,1) is reduced. Specifically,

Farahmand showed that
1
E [Ng(—=1,0)] = E[Ng(0,1)] ~ p logn, for K bounded,
T

E[Ng(—1,0)] = E[Ng(0,1)] ~ % log (%) for K = o (v/n)

and

E [N (=00, —1)] = E [N (1, 00)] ~ %logn.

In a later paper Farahmand [12] studied the K-level crossings for P,(x) when the
coefficients are dependent standard normals, with a constant covariance p € (0, 1).
Here, just as in the case of the real zeros, the number of level crossings is cut in half.
The constant covariance causes the number of real crossings to be reduced drastically.
Farahmand’s result is given as

1
E[Ng(—1,1)] ~ %logn, for K bounded,

1 n n
E[Ng(—1,1)] ~ %log (ﬁ)’ for K = 0< logn) :

E[Nk(—o00,—1)] + E [Ng(1, 00)] ~ %logn.

As in the independent case, there are also less crossings on (—1, 1) when K is allowed

to grow with n.



1.4 Complex Zeros

The first result in this area worth mentioning is due to Hammersley in 1956 [14]. In his
classic paper, Hammersley studied the distribution of zeros for random polynomials
with either real or complex Gaussian coefficients. He became interested in the problem
when asked a question concerning the growth rates of an insect population. His
task was to evaluate the zeros of polynomials whose coefficients were determined by
experimental data. While, in his own words, he was not able to fully solve the problem
given to him, he was able to derive explicit density functions for the distributions of
the zeros. One fundamental result that can be shown by applying his formulas is that
the zeros of random polynomials with independent complex Gaussian coefficients,
having mean zero and variance one, tend to concentrate on the unit circle in the
complex plane. Additionally, in his work Hammersley also succeeded in producing a
more detailed version of Kac’s result.

In 1995 Shepp and Vanderbei [28] studied more closely the complex zeros of ran-
dom polynomials with independent standard normal coefficients. Using the argument
principle, they derived a formula for computing the expected number of zeros in any
measurable subset of the complex plane. Applying this formula, they then were able
to prove several results about the distribution of the complex zeros. This included
showing that the zeros tend to accumulate around the unit circle in the limit, and
that they do so uniformly in the angle. Our work in Chapter 4 will be based on their
techniques.

The last result on complex zeros that we will mention comes from Hughes and
Nikeghbali in 1998 [15]. In their work, Hughes and Nikeghbali were able to show
that under very general assumptions on the coefficients of P,(z), the same behav-
ior observed by Shepp and Vanderbei will hold. That is, the zeros will accumulate
around the unit circle in the limit, and they will do so uniformly in the angle. As a
specific case, their result holds for Gaussian coefficients, with no restrictions on the

dependence among the coefficients.



1.5 Random Sums of Orthogonal Polynomials

One last topic that we will cover concerns the zeros of random sums of orthogonal

polynomials. These are polynomials of the form
Pu(x) =Y Zipr(x),
k=0

where Zj, Z1, . . . is a sequence of independent complex Gaussians, with mean zero and
variance one, and pg, p1, . . . represents a set of orthonormal polynomials. For a given
set of orthonormal polynomials orthogonalized over a suitable domain €2, and with
a weight function satisfying certain restrictions, Shiffman and Zelditch [29] showed
that the limiting distribution of zeros is given by the equilibrium measure for the set

Q. We will formulate this result in more detail in Chapter 5.

1.6 Background Material

1.6.1 Spectral Density

We will now discuss some results that are variously attributed to Bochner, Herglotz,
and Khinchine (see [5, 7]). Given a stationary sequence of Gaussian random variables,

Xo, X1, . . ., the covariance function, I'(k), can be expressed as
BIXX] = T(0k) = [ e F(ds),
where F(¢) is real, never-decreasing, and bounded. Furthermore, if F(¢) is also
absolutely continuous, we have the formula
(1) 0 = [ e p(o)ds
where f(¢) is called the spectral density of the covariance function.

A sufficient condition for the existence of f(¢) is that I'(k) is absolutely summable.

Additionally, in this case it will be non-negative, continuous, and of the form

[e.9]

(1.3) F(@) == > T(k)e*.

k=—o0

10



One example where the spectral density can be explicitly computed is in the case of
an exponentially decaying covariance; that is, I'(k) = pl*l, where p € (0,1). Here, the
spectral density will have the form
1 1=

211 —2pcos + p?

(1.4) f(9)

This formulation of the covariance function using the spectral density will prove
crucial for the majority of the results in this dissertation. Whenever some dependence
is assumed among the coefficients of a random polynomial, it is highly likely that the
ensuing computations will be more involved than in the independent case. For certain
covariance functions, such as the constant and the exponentially decaying cases, there
are ways of getting around this difficulty. For many other examples, however, this
is not easily done. It is here that the spectral density will allow us to make the
needed computations, and to derive the necessary asymptotic values. Furthermore,
since we will only make some general assumptions on the spectral density, the results
will also hold for a wide class of covariance functions. To shed a little more light on
the behavior of the spectral density, we have included several graphs of the spectral

density for various choices of I'(k) in Appendix A.

1.6.2 Kac-Rice Formula

One other result that will be important for our work is the modern formulation of

the Kac-Rice formula. For P, (z), define

A(z) = E[PNz)], K@) = E[R(@)],
B(x) = E[L(x)P(x)], K'(z) = E[F(z)],
C(x) = E [(P,’l(:z;))ﬂ :

We then have

Theorem 1.6.1 (Kac-Rice Formula). For P,(x), on a given interval (o, 3) we have

1 [P VAC — B? K*C + K?A—-2K'KB
E[N(O"ﬁ>]:E/ —a ¢ (_ 2 (AC — B?) ) v
N 1 [P V2|K'A? — BK]| . K2 " |K'A — BK| p
7 Ja A2 )M\ aaac -y )

11



For a derivation see [13]. We will use the Kac-Rice formula for our work on the

real zeros in Chapter 2, and the K-level crossings in Chapter 3.

12



Chapter 2

Real Zeros

From Section 1.6.1 we have seen that the behavior of the real zeros changes when
a constant covariance is assumed among the coefficients. On the other hand, the
behavior stays the same for an exponentially decaying covariance. A further question
that could be asked is whether or not this result extends to a wider class of covariance
functions, where the decay rates are between those considered by Sambandham. This
chapter will be concerned with computing the expected number of real zeros of P, (z)

for a general class of covariance functions.

2.1 Statement of Main Result

In what follows, we will show that, assuming the spectral density is both positive and
continuous, the same asymptotic value for the expected number of real zeros holds
as in the independent case. If we assume further that the spectral density has one
continuous derivative, we will be able to derive an explicit value for the order of the
error term. Noting that absolute summability of the covariance function guarantees
the continuity of the spectral density, we will then see that behavior similar to the
independent case can be expected for covariance functions with a wide range of decay
rates. Let C' ([—m, 7]) be the set of continuous functions on [—, 7], while C* ([—, 7])
denotes the set of functions on [—m, 7] with one continuous derivative. The main result

is then stated as follows.
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Theorem 2.1.1. Let P,(x) be the polynomial given in (1), where the coefficients
Xo, X1,... form a stationary sequence of standard normals, with covariance function
(k) and spectral density f(¢). Assume that the spectral density does not vanish.
Letting N(«, ) be the number of zeros of P,(z) in the interval («, 3), it follows that

E[N(—o00, 00)] ~ %logn, for f e C([-m, 7)),

E[N(—o00,00)] = %logn + O (loglogn), for f e CY([—m, 7)),

as n — oQ.

2.2 Deriving Upper Bounds

Before we proceed any further, a comment must be made. If we consider the function

1 1 1
" P, <—) =" (XO +Xi—4-- 4+ Xn—)
x x xm

= Xoz"+ Xi2" V- + X,

it can be seen that whenever there is a zero of 2" P, (%) in (1, 00), there is also a zero
of P,(z) in (0,1). Thus, since the distributions of the zeros of the two functions are
the same, it is sufficient to only look at the interval from (0,1). A similar argument
works for the negative real line and allows us to restrict our analysis to the interval
(—1,1). By then taking twice the result, we will have a value for the total expected
number of real zeros.

Our proof will loosely follow that of Sambandham, with some necessary mod-
ifications to account for the more general assumptions made on the coefficients.
The first step is to show that there is a negligible amount of zeros on the inter-

vals (0,1— 1), (1—1"@%,1), (—=1++1,0), and (—1,—1+1°g1%). Following this,

logn logn?

log I
1 1— og ogn)
logn? n

we will then show that the number of real zeros in the intervals (1
and (—1 - ‘elsn 1 4 @) are cach on the order of 5-logn. One significant dif-

ference from Sambandham’s work is that rather than approximating the number of
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zeros with a specially chosen function, we will instead derive the asymptotic behav-

ior directly from the Kac-Rice formula using the spectral density formulation of the

covariance function. The result is that the number of zeros in (—1, 1) is on the order

of %logn and, from the comments above, it follows that the total expected number

of real zeros is on the order of %log n.

Now, recalling that N(«, () is the number of zeros of P,(x) in the interval (a, 3),

the Kac-Rice formula [13] gives the expected number of zeros on this interval as

(2.1) E[N (o, 8)] = %/j %db@,

where
Alw) = B [P2(0)] = "0 (k- )b,
B(x) = B[Py (0) P (2)] = ﬁ;m ki
C(w) = B [(P(0)?] = (k= )i,

Applying (1.2) we can rewrite these as

. n i i efi(kfj)¢xk+jf<¢)d¢7

T k=0 j=0

B = / Z Z eii(k*jwkxkﬂflf((b)dgb,
T k=0 j=0

C= [ 33 e g2 (o)
T k=0 j=0

We are now ready to prove our first lemma.

Lemma 2.2.1. For the intervals (—1,—1+ 881 (—1 4 L 0) (0,1—

logn?

(1-— logl%, 1), the expected number of zeros is O(loglogn).

15
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Proof. Following the method of Sambandham, we will define the function

-y S ey

k=0 j5=0
n n

— § eilkd)l’k 2 :elj¢y]
k=0 7=0

B 1— xn+167i(n+1)¢> 1— yn+1€i(n+1)¢

1 —ze i@ ' 1 — yei

to assist in our computations. Plugging into our formula for A leads to the expression

s

A= [ H(z,z)f(¢)do

(22) T 1_xn+lefi(n+1)¢ 1_In+1ei(n+1)¢
Similarly,

5= [ [%‘;y)] G

™ /1 — xn+1€fi(n+1)¢>
oy - [ (e
. <—(n 4 1)gnein+D)é (1 _ a:ew) _ (21 _ $n+lei(n+1)¢>) (_emﬁ)) Fo)ds,
(1 — ze?)

and

o [ T szw)dqs

/ ( n 4 1)ane Do (1 — xe*id’) — (1 — x”“e*i(”“)d’) (—eid’))

(1 — ze—i®)?
7’L + 1 z(n+1)¢ (1 _ :L,elgi)) (1 _ xn+1ei(n+1)¢>) (_62¢>)
(1 — zei®)?

f(¢)do.

For z € (0,1 — log) we have

" 1
A /ﬂ (1 — ze=)(1 — xei?) f(9)do,

and

" 1
o~ /_7r (1 — ze=9)2(1 — zeid)? f(@)do

16



1 " 1
= (1—x)? /7r (1—ze9)(1— x@i¢)f(¢)d¢‘

If we consider the quotient —VACA_B2, then

\/AC—B2< c 1/2< 1
A A —1—x

Plugging into (2.1), it follows that

i /AC — B?
E{N(m_ ! )]_ VAC - B2
logn 0 A

1—_L
ogn 1
(2.5) . / ; "
0 1—x

= loglogn.

T

Thus,

E[N(O,l— ! )}:O(loglogn).

logn

To handle the interval (—1 + ——,0) we will substitute in

logn?

z e (0,1— @), to get

A= [ HEw—ap0)

(
T (—g)t el e ] (—g)nleint )
/_7r 1+ ze™ . 1+ xe'

~ [ ! F(8)ds

. (T +2e79)(1 4 ze?)

f(¢)d¢

Likewise,

e~ [ . F(6)do

r (14 2ze)* (1 4 zei®)

1 " 1
= (1 - :B)Q /ﬂ- (1 -+ :L‘e*itf?) (1 + $el¢)f(¢)d¢

VAC—B2
A

Considering the quotient once more gives us

VAC — B2 o\ 2 1
—a  “\a) =

l1—2z

17



just as before. Applying (2.1), we then have

E[N( 1+lo;;n O)}:/O ﬂdm

71+loén A
2. |
0 1—2z
= log logn.
Thus,

1
E [N (—1 + —,O)} = O (loglogn).
logn
Finally, we will consider the intervals (—1,—1 + '°81%6") and (1 — &2 1) For

xe(1— logl%, 1) we have the inequality

()
<( o o Dk~ >k+ﬂ>/

#2 3 ko Do Lk — )2t t92

< cn.

Thus,
VAC — B2
E{N (1_loglogn )} / AC’ B VAC-B?
1 loglogn
(2.7) < cndx
l_loglogn
= O(loglogn).

For (—1,—1+ logl%) we will substitute in —z. Notice that since f(¢) is continuous
and non-zero on [—, 7], we can bound it from below by a constant 7+ > 0. We then
have

T — (—g)HlemiHDE ] (g )ntleint e

A>— :
— 2 1—|—xe i 1+ xei®

S
k=0

de

18



since f(¢) = QL in the independent case. Similarly, we can bound f(¢) from above

by = < 00. This yields the inequality

oo _/ (n+ 1)(—z)ne—i+D? (1 + xe""z’) + (1 _ (_l,)n-f—le—i(n-i-l)qﬁ) o—i®

~ 27 (1+ xe—iﬂi’)2
TL—|— 1 ( )n i(n+1)¢ (1 4 xezqﬁ) + (1 . (_x>n+1ei(n+l)¢) ezd)
deo.
(1 + zei®)?
— MZ kQ(_x>2kf2
k=
N (—z)%*
- (o)
k=0
It follows that
VAC — B? _(¢ 1/2
A A
Mn2 1/2
<
< ()
< cn.
Thus,
log] S JAC - B?
E {N (—1,—1+ 8 Og")] / VAC-B
A
(2.8) / endx
1 loglogn
= O(loglogn).
Combining (2.5)-(2.8), the result then follows. O

2.3 Computing Zeros on (—1,1)

Now that we have found an upper bound for the expected number of zeros in our
initial four intervals, we will spend the rest of our time deriving explicit values for the

yand (1 — 1,1 — longog"). As stated before, this

logn’

intervals (—1 + loglrfg" -1+ logn
will be done by deriving asymptotic values for the expressions given in (2.1). We will

formulate this result as an additional lemma.
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Lemma 2.3.1. The expected number of zeros for the polynomial P,(x) in each of the

intervals (—1+ log‘l%, -1+ loén) and (1— lo;;n’ 1— logl%) is given by the following:

(i) For f € C(|—m,x]),

BN _1+10glogn’_1+ 1 _elnv(1_ 1 J_loglogn
n logn logn n

~ —1 .
o ogn

(ii) For f € C' ([-=,7]),

log1 1 1 log 1
BN (—142898" 44 —E|N(1-—— 12808
n logn logn n

1
= —1logn + O (loglogn) .
2

Proof. Consider the interval (1— 1, 1—181%8%) For 7 = 1—y, define g(y) g

logn’ :yloglogn'

Also, let M > 0 be chosen such that f(¢) < M, for any ¢ € [—7,w]. Recalling (2.1),

for A we have

T 1
A= /7r (1 —ze)(1 — xei¢)f<¢)d¢

2.9) g /n _ (e—i(n+1)¢ X ei(n+1)¢) s
(1 —ze )(1 — ze?)

= Al -+ O ($n+1A1) .

f(¢)do

—Tr

Our next step is to determine the asymptotic value for A;. We have,

9(y) 1 - 1
A= 2/0 1 —2zcosp + $2f(¢)d¢ i /g(y) 1 —2xcos¢+ :v2f(¢)d¢'

Looking at the first integral yields

a(y) f(¢)
=2 : d¢
I 1=21-y) (1-5+0(") + (1 -y
B 9(y) f(¢)
_2/0 Py 0™

B 9(y) f(9)
—2/0 ¢2+y2d¢+0(1).
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For f € C ([—n,x]) this becomes
9(y) £(0)
I T @
= —2f(0) arctan (M)
Y

Y

~ 2

while for f € C' ([—,7]) we have the more detailed representation

_ 2/g(y) JO + (06 110+ (1), (where ¢y € (0.
0

¢ +y?
_L(O) et @) 9w g
=, arcta ( ) +O</O ¢2+y2dgb)
= 2O tan (%) + O (loglogn) .

For the second integral in Ay,

(9(y))*/? 9 ™ 9
= d
/ 1—2:6C08¢+I2f(¢) ¢—i_/ 13 1 — 22 cos ¢ + 2
9(y) (9())

)1/3

! 21(0) " 9
- /g(y) Y+ ¢? 0t /(g(y))l/s 1—2xcos¢+ x2f<¢)d¢
(g(w)'/? 2£(0) ™ oM
< d p
B /g(y) P? o+ /(g(y))l/s 1 — 2z cos ((g(y)>1/3) T2 ¢

1 1 IMr
~21(0) (g(y (g(y))1/3) " (9(y)*/3 +y?

o)

It follows that

~ 2f(0) arctan M or —T7, T
A~ 2 ey (y) for f € C ([, 7).

Ay = 2O 4 ctan (g(y)) +O(L), for f € C" ([~

y Ty 9(y)

Now, notice that
n+l g 1 — )l
x 1~ Y) Y

n+1
< (1_loglogn> c
n Y

21
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c
ylogn

= ()

Combining these results and plugging into (2.9) yields

A~ L(O) arctan (%), for f € C([—m,n]),

(2.10) N @amam (@) 0 <$> . for fe O ([—m, 7).

Considering B next,

T €i¢
b= /7r (1 — gje*icb)(l _ xew)g f(qb)dqb
T —(n + 1)ameln e (1 — ge?)
* / (1 — xe*icb)(l _ xeiqﬁ)Z f(¢)d¢
ni1 [T (n+1)2" (1 — xei‘?) — ¢~ ind (1 _ xn+1€i(n+1)¢) _ pin+2)¢
+x + / (]_ — $6_Z¢)(1 _ $€i¢)2

—T

-7

= Bl + Bg —|— O (ZL‘n+1 (|Bl| —|— |Bz|)) .

Since we will end up showing that the By term dominates, we can rewrite this as
(2.11) B=DBi+ B+ 0 (z"'By).

To analyze B, we will split it into two integrals,
9(v) cosp—1+y
Bi—2 [ 2 F(8)ds
o (I—=2(1—y)cosg+(1-y)?)

" cosp—1+y
do.
+2/g(y) (1—2(1—y)cos¢+(1_y)2)2f<¢) ¢

For the first integral we have

9(v) Yy — 10 (¢*)
I (=209 (1-5 +0") + (1)

[ oo ())
[ i ero(y).
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For f € C ([—m,n]) this becomes
9(y) yf(0)
~ 2 d
/ :

(¢ +12)°
B ;g) [92535)21131/2 aretan (%ﬂ
f(g) arctan (M),
) Y

while for f € C* ([—7, 7))

W f(0) 4y (60)6 o
_QA 0 +ul w+0@) (where ¢y € (0, )

_ fy(g) b;ﬁy ~ + arctan (3)} Z(y) +0 (/Og(y) (¢? i¢y2)2d¢ ' i)
—@W Uy+mm@%ﬂﬁ%a
0)

A (3) o 1)

For the second integral in By,

" cos¢p —x
‘2 /g(y) (1 —2xcos¢p+ x2>2f(¢)d¢‘

(gw)/® lcos & — 2| £(¢) ™ lcos ¢ — | f()

=7 /g(y) (1—2z COS¢ + 22)? 300+ /(g(y))us (1 —2xcoso+ x2)2d¢

6w Jy =% +0 (¢4)’ § |cos ¢ — x| f(¢)
~2f(0 d 2 d

d )/(y) (¢2 +42)? i /(g(y))l/a (1 — 2z cos ¢ + x2)? ¢
(9" 2 ™
Tyt ¢+ 0(¢" AM
d

< 2f(0) /g(y) P ¢+ /(g( yisa (1— 2z cos (g(y)) /7 + a2)2

2Oy (11 11 dnM
3 (@@w aw)*”@(mw @@W“)+Mwwg
. Yy

_O(@@P)

Thus,

f(0) 9(y)
By ~ " arctan( ), for f € C ([-m, 7)),

0 (@)  for fe OV (=),
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For By we have,

’/ n+1xe(”+1)¢(1—xei¢)f(¢)d¢

(1 — ze)(1 — weit)?
(n -+ 1)z"
N / (1 — xe~ 1¢>)(1 _ .Z'e‘¢)f(¢)d¢

(1—y)"

~c(n+1) :
( )

where the last line follows from our work on A. Now, notice that for y = logl%

we

have
1) (]‘ B y)n 77/2 _ ]‘
y lognloglogn  yg(y)

Since (1 — y)"y is a decreasing function as y increases, it follows that for y €

(n+

(logrl'i)gn7 @),

R RN () A
(2.12) (n+1)(1 y)ygg(y)é( +1) " O( )

This also implies that

1 — n+1
l'n+1 (Bl + Bg) ~ C—( y)

Y2
(1 —y)!
<c(n+1) »

Thus,

B ~ % arctan (%), for f € C([-m, ),
(2.13)

. f(O) M L or 1 -7, T
B="0 arCtan( Y )+O(y9<y))’ or /€ @ (=)

Turning now to C,

" 1 " (n 4 1)%>"
C= /_W (1 — xe—)2(1 — x€i¢)2f(¢)d¢+ /7r 0= e #)(1 = xei¢)f(¢)d¢

™ _(n + 1)xn€—”m¢ (1 — gpntlei(ntl) )
" 2/ (1 — ze-#)(1 — zei®)? f(®)do

- (e—i(n+1)¢> + 6i(n+1)¢) 4 gl ;
i =291 —gewyr I ()49

—T

—T

24



= Cl + 02 + Cg + @] (iL‘nJrlCl) .
Splitting up C; gives us

(2.14)

9(y) 1 - 1
Cy =2/0 (1_2mc08¢+x2)2f(¢)d¢+2/g(y) (1_2xcos¢+x2)2f(¢)d¢.

For the first term we have

5f(9)do

_, /g(y)
© (1-20-y (1-%+00M) + 1 -y2)

2 | " ! F(&)do
o (2 +y2—yd? + O (¢%)?

9(y) f(9) ( 1 )
= O |-
) o
For f € C ([—m,]) it follows that

~2/Og(y) %dqﬁ
:f(O)[ 9WY o ctan (M)}

v Lg*(y) +y? Y
~ fy(g) arctan (%),

while for f € C* ([—7, 7))

zg/og(y)f((;2 f<)>¢ o( ) (where o € (0,6))
-2
y

do +
oI ol -3
_f; [ tn(%ﬂm(yi)
Bl )
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For the second integral in C'; we have

e £(9) g £(9)
2 e,

) i f(9)
~2/(0) /g(y) md¢ i /(g(y))1/3 (I —2zcosg+ IQ)Q

e (1 =2z cos ¢ + 22)°

(G@)N'? 4 7T 1
< 2f(0)/ Lagvom
9(y) ¢

1 1 QM
”2ﬂm<@w»f‘mw)+xww%ﬁ

Thus,
Cy ~ Lg) arctan (M) for f € C ([-m, 7)),
(2.15) yo Y 1
C, = L?))arctan <M> +0 < 5 ) : for f € C* ([-,
y y y*9(y)
For Cs,

T (n 4 1)222(1 — ze)(1 — xe™ %)
¢z = /_ e T s TR AU

1 — 2n
~ c(n+ 1)2( y) 7
Y

while for C5 we have
_(n + 1)xne—in¢

<
ICsl < C/_ﬂ (1— ze-9)(1 — zei®)
< ¢(C1Cy)Y?  (by Cauchy-Schwarz)

(n+1(1 —y)"
y? '

2 [ ()| do

~ C

Also, note that
L—ym _(+DA—y)"

y Y
From (2.12) we know that (n+ 1)(1 —y)" = O (1/g(y)), which implies
(i D1-yr (1
(2.16) v N (?ﬂg(y)> ’
(n+1)(1—y)”20( 1 >
Y vo*(y) )

(o) (1 — 22 cos ((g(y))V/3) + 22)?

de

dg
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Thus, we can conclude that

o fy(g) retan (%) for f € C ([~ 7)),
0 e () 10 () e pecr (o

Combining (2.10), (2.13), and (2.17), for f € C (|—n, w]) we then have

(
293 212 y

@ ~ \/%(0) mf(0) _ (Wf(0)>2 (wf(o))1
1

For f € C' ([—m,7]) this becomes

(2.18) AC — B*=

() 0 )]
- [ B arctan (1) 0 ()

_ %0 [amtan (#)]ZO( 1

and

2
JAC — B \/fy(f) [arctan (g(y)

A 2/(0) arctan <M>
Y Y

2
f2(0) 9y 1
(219) \/T [arctan (T i| + (y3g(y)) ( 1 )
- +0(—
g

—22(,0) arctan <g () )

"5 ()

Plugging these into (2.1) gives us

(2.20) dx

1710g17i)gn — 3
E{N <1 1 1_loglogn>} :l/ VAC — B
1

~logn’ n T A

I S
logn
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1
1 logn 1
~J —/ ¢ dy
m loglogn 2y
1

=1
5 logy

logn

loglogn
n
~ — logn,
2m

for f € C ([-m,7]), and

lnl1_ 1 1_10g10gn :1/1 s VAC — Bde
logn’ n T )i A
ogn
1
1 [Togn 1 1
:_/lg [ —1—0(—)]013/
(2.21) T Jiesloan | 2y 9(y)
1 Toan
= 2—logy + O (loglogn)
T loglogn

1
= %logn—i—O(loglogn),

for f € C' ([—m, 7).
To handle the interval from (—1 - eglgn 1 4 loé ) we will substitute in —z =
1-— loglog”) We then have

—1+ vy, where z € (1 —

logn’

A L - (_$)n+16 i(n+1)¢ 1 ( )n+1 i(n+1)¢
_/7r 14 ze—i 1+ zet®

B /7T 1— (_‘r)n+1€fi(n+l)¢
1+ ze i@

—T

f(¢)do,

—(n + 1)(_I)n6i(n+l)¢ (1 + xeiqﬁ) + (1 _ (_x)n+1€i(n+1)¢) el
~ ( a7 1(8)ds,
and
T _(n + 1)<_x>n€fi(n+l)¢ (1 + xe*i‘z’) + (1 _ (_!,L.)n+lefi(n+l)¢) e*i¢>
¢= /_W (14 ze—i)?
_(n + 1)(_x)nei(n+l)¢ (1 + xei‘z’) + (1 _ (_x)n+1€i(n+1)¢>) eiqﬁ
~ ( T a7 f(8)ds.
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Considering A first,

4 1
A::/;(1+x€wx1+xé®f@ﬁw

) TR (efi(n+1)¢ + ei(n+l)¢) + (=)
(2.22) + (—a) /_W tEST= e F(¢)do

= Al + O ((—[E)n+1A1) .

Splitting up Ay, we have

" 1 m—g(y) 1
A= /7r—g(y) L+ 2z cos ¢ + 332f(¢)d¢ " 2/0 1+ 2z cos¢ + x2f(¢)d¢

The first integral becomes
= /()
o) 1+2(1—y) (—1+ 252+ 0 (9 = m)%)) + (1 - p)?

" f(cb)
’ /ﬂg(y) (@ —m)?2+y* —ylo—7)+0((¢—7)")

" f(9)
2/ﬂg(y) = y2d¢+0(1).

de

de

)2+
For f € C'([—m,x]) this yields

while for f € C' ([—m,n]) we have

T f(m) + f(do)(¢ — ) b
_2/7r . CETEr d¢+ O(1), (where ¢y € (7 — ¢, 7))

P (B2) o ([ o)
= Y) retan (M) +0 (loglogn) .
y y

For the second integral in Ay,

m)

—(g(y)t/3 9

m=9(y) 9 —(g(y)
/ﬂ—(g(y))1/3 1+ 2zcos¢ + ng(éb) o /o 1+ 2zcos¢+ me(¢) ¢
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m—g(y) Zf(ﬂ') m—(g(y))/3 5
/7r_(9(y))1/3 Y+ (¢ —m)? o+ /0 1+ 2z cos ¢ + x2f(¢) ¢

m—9(y) 2 W_(g(y))l/g IM
s/ f(w)2d¢+/ o dg
(g3 (¢ — ) 0 14 2xcos (m — (9(y))/3) + x

1 1 QM
~ 2/ (g<y> - <g<y>>1/3) RCOEES
1
=9 (@

It follows that

Ay~ 2L orctan <g<y)>, for f € C ([—m, 7)),
A = nyw arctan (973“/)) +0 (ﬁy)) L for fe OV (=, 7).

Next, notice that

C
(=)™ A ~ (=1 + y)”“lg

Combining these results and plugging into (2.22) yields
2
A~ ) arctan (M), for f € C ([—m, 7)),
Y

(2.23) , Y
_Maman 9y) b or (E
A== e (y)+0(g(y))’ for f € G {l=m ).
For B,
s ei¢
b= /,r [+ ze @) (1 L zaoy! ()49

. /7r _(n+ 1)(_$)ne’i(n+l)¢> (1 +xei¢>)
. (1 + ze™®)(1 4 zei®)?

— (=)™ /7; : f(9)

1+ ze=)(1 4 xei?)?
i [_(n + 1)(_$)n (1 + xei(ﬁ) + 6—in¢ (1 . (_x)n-&—lei(n-i-l)qﬁ) + ei(n+2)¢} d¢

f(¢)d¢

= By + By + O ((—2)"™ (| By| + |By))) -
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We will again show that the B; term dominates, resulting in the expression
(2.24) B=Bi+ B+ 0 ((—2)""'B).

Splitting B into two integrals yields

B 2/” cosp+1—y
1:
w—a(y) (1+2(1 —y)cos¢ + (1 —y)?)

7—9(y) cosp+1—y
+2/0 (1+2(1 —y)cosd+ (1 —y)2)2f(¢)d¢'

5 f(9)do

For the first integral we have

o [ —y+ L O (¢ — 7))

= / » e — /(0
(1420 -) (<14 EFE 10 (8- m) + (1 - yP?)

_ " -y 1

- /TF—g(y) ((Qb — 7T)2 +y? — y(¢ _ W)2 +0 ((¢ _ 7T)4))2]0(@6@ +0 (y)

’ /T:Q(y) (¢ — 7;2y+ y2)2f<¢)d¢ v (§> '

For f € C'([—m,x]) this becomes

Vo /:g(y) (¢ —yf)(:l 27
_f) { g(y)yy2 + arctan (%)]

y* Lo*(y) +
) (1)

while for f € C* ([—7, 7))

_ /” yf(m) +yf'(¢o)(¢ — 7
o) (=72 +92)

g i )
o </7r—g<y> ((cb_— )2 +y?) Qd(b i ;>

19 [t cm%nw()

Vag + 0 (5) (where ¢o € (1 — 6, 7))

™

T—9(y)




_ _% arctan (%) +0 <ﬁ(y)> '

For the second integral in B; we have

T—g(y) cos ¢ + @
2/0 (1+ 2xcos¢+x2)2f(¢)d¢|

T— T— /
- 2/ 9(v) lcos & + x| f() d¢+2/ W Jcosd + 2] F(6) »
T Jemwys (L+2wcos ¢ + 22)? 0 (14 2z cos ¢ + 22)?

m—g(y) ‘—y + = m—(g(y))'/? lcos ¢ + z| f(¢)
~ 2 d 2 d
/() \/7;_(g(y))1/3 ((p — )2 +y?) a /0 (14 2x cos ¢ + x2)? ¢

m—g(y) 2 n—(g(y))/?

y+(p—m) AM

9 TP d
< 24m) /w—(g(y»l/s (¢ —m)* ot /o (14 2z cos (g(y))"/3 + 22)? ¢

-~ 2f<77)y 1 _ 1 - 1 B 1 A M
3 ((g(y))3 g(y)> A )(g(y) (g(y))1/3> T W)

=0 (Gi):

It follows that

(¢—m)°

By ~ —f;;) arctan (%), for f € C ([-m, 7)),
B, = —f;;) arctan (%) +0 (@) , for f € C ([, 7).
Next, By we have
n z(n-‘,—l) (1 +l’€i¢)
’/ 1 + re~ 1¢’ (1+ zei?)? J(9)do
(n +1)a"
- / (14 ze—)(1 + xe“ﬁ)f(@ow
1
—o(—
(yg(y)) ’
where the last line is given by (2.12). Thus,
(1 _ )n+1
|(—$)n+1(31 + BQ)’ ~ C y2
<cn+1) (L—y)
Y

-0 ()
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It now follows that

B~ rctam (9<y>), for f € C (-, ),

() 0 1) peciinn)

Considering C' last,

— " 1 4 (n+ 1)2(_$)2n
Cuilwﬂ+w€wﬂﬂ+xﬂﬂfwm¢+/;u+mawﬂth@fwm¢

T —(n+1)(—x)"e —ing 14 (- )N+1ei(n+1)¢
2 /—w (1 + ze 2¢)((1 + xe“f’)? ) f(¢)d¢

N (_x)nJrl /’ﬂ' _ (e—i(n-i-l)(,b _|_.ei(n+1)¢) _i_‘(_x)n—‘rl
. (14 ze7)2(1 4 xe'?)?

= Cl + CQ + Cg + O ((—$)n+101) .

Splitting ' into two integrals gives us

T 1
=2 /Trg(y) (14 2z cos¢ + 332)2f(¢>d¢

(2.26)

T—g(y) 1
+2/0 (1 +2Icos¢+x2)2f<¢)d¢'

For the first term we have
) / ' !
m—g(y) (1+2(1—y)< 14+ L O (¢ —7) )) +(1—y)2>
i 1
Aﬁ@(@—ﬂV+ﬁ—yw—ﬂﬁ+0«¢—ﬂﬂ)

QA;@(M—£$105M¢+O(%)'

For f € C (|—m,n]) this yields
Nz/ﬂ Mg

g (¢ —7)> +y?)
a ; [Q%ggwy2+ﬁﬂdﬁn(gga)]

:
(82,
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5./ (@)do

2

5[ (@)do

)




while for f € C* ([—7, 7))
o [T S+ ()¢ —7)
_2/7rg(y> )’ d¢+0(y)

(6—mP+¢
WMm¢Maw—¢m>
e (]

O (/7;7:9(1/) ((¢ ((b)_ : >2d¢+ )
) 1
_ f;g) {92(95%33/2 + arctan <%y))} +0 (E>
= f(73T) arctan <%y)> +0 <m) .

Looking at the second integral in C} we have

T— T— 1/
_ 2/ 9(y) f(®) ib + 2/ (gw)'/? f(®)
(a3 (1+ 22 cos ¢ + 22)? 0 (14 2z cos ¢ + 22)

T—g(y) 1 —(g(y))*/? £(9)
~ d
2 /7r—(g<y)>1/3 i 2/o (1t 2rcosg b a2 "

e X e (g(y)V/? M

< 2/(m) /7r—(g(y))1/3 Wd(b " 2/0 (1+ 2z cos ((g(y))V?3) + x2)2d¢
1 1 2Mmn

~ 2f(m) ((g(y))3 - g(y)) (g(y))*/3

ammﬂ({?), for f € C ([, 7)),

e = 1) rctan (g(y)) +0 (L> . for fe O (=, 7).

y3 y y29(y)

=

o~ (;T)
(2.27) Y

For C5 we have,

f(¢)d¢

Cy = / (n+1)%2°"(1 + 2e'?)(1 + ze™)
2T ) (U xe9)2(1 + weid)?
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while for (s,
| =k (e
Cs] < . .
Gl = C/_,r (1 + ze ) (1 + zei®)?
< ¢(C1Cy)?  (by Cauchy-Schwarz)
Dy

f(9)| do

y2
Also,
(i L < (DO

Applying (2.16), we can now conclude that

ePUAuLI (M) for f € C([—7,7]),
(2.28) ? ) yy) X

0= (B0) 40 () e st iimn)
Combining (2.23), (2.25), and (2.28), for f € C ([~,7])

IR () ()




and

Y
2
f2(m) 9(v) 1
(2.30) 2 farean (2] 40 () (1)
= +0

Plugging these into (2.1) gives us

log 1 1 1 [Yen JAC — B2
E|N —1—|—Og0gn,—1—|— :—/ VYT T
n logn T J 1y loglogn A
1
]_ logn ]_
(2.31) e

1 1 loén

- % Ogy loglogn
! |

~ —logn
or gn,

for f € C ([—m,7]), and
) — 2
E{N (_1+10glogn’ 1 )} 1/ 1 VAC — B d

—1+

n logn s

1
1 [osn [ 1 1
L o)
(2.32) 7 Jieslogn | 2y 9(y)
L
=—1Ilo
5 logy

H_logi?gn A

logn
+ O (loglogn)

loglogn
n

1
= —logn+ O (loglogn),
2T

for f € C' ([—m, ).

We are now able to prove Theorem 2.1.1.
Proof of Theorem 2.1.1. Combining the results of Lemmas 2.2.1 and 2.3.1, we have
1
E[N(_la 1)] ~ = 1Ogna for f S C([—Tf,ﬂ'])7
T
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E[N(-1,1)] = %logn + O (loglogn), for f € C ([—m,7]).

From our discussion in the comments preceding section 1 we know that
It then follows that

E[N(—00,00)] ~ %logn, for f € C ([-m, 7)),

E[N(—o00, )] = %logn + O (loglogn), for f € C ([-m,7]),

as claimed. O

2.4 Conclusions

We have shown that, for the expected number of real zeros, behavior similar to the
independent case holds for a wide class of covariance functions. However, noting
the change in behavior when the covariance is constant, it would be of interest to
see exactly where this change in behavior takes place, and what would happen for

covariance functions with slower rates of decay. For example, if T'(k) = the

1
|k|4+1°
techniques developed no longer apply. Thus, a new approach would have to be taken

to answer these questions.
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Chapter 3

K-level Crossings

3.1 Introduction

For the random polynomial given by (1), consider the problem of computing the ex-
pected number of real zeros for the equation P, (z) = K, where K is a given constant.
These are known as the K-level crossings of P, (z). For standard normal coefficients,
Farahmand considered this for two separate cases [11, 12]. The first assumes the
coefficients are independent, while the second deals with dependent coefficients with
a constant covariance p, where p € (0,1). In this chapter we will study further the
case of dependent coefficients.

Our will results will cover two different assumptions on K, similar to the ones
considered by Farahmand. The first assumes that K is bounded. If we require only
that the spectral density is continuous and positive, we will be able to show that the
expected number of level crossings will behave asymptotically like % logn as n — oo.
For the second situation, we will let K grow along with n. Under the assumptions
that K = o (‘ /%) and that the spectral density is positive and in C* ([—m, 7]),
we will be able to show that the expected number of crossings in the interval (—1,1)
is reduced. Recalling that Ng(a, ) is the number of K-level crossings of P,(x) in

the interval (a, 3), these results are formulated as follows.

Theorem 3.1.1. Assume that the spectral density exists and is strictly positive.
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(i) For K bounded and f(¢) € C([—m,7]) we have

B[N (=1, 1)] = B[N (=00, —1) + Ni (1, 00)] ~ %logn.

(ii) For K = o Q/%) and f(¢) € CY([—,7]) we have

1
E[Nk(-1,1)] = ;log% + O (loglogn),

1
E [Nk (=00, —1) + Nk (1,00)] = ;IOgn—I— O (loglogn).

Recalling the Kac-Rice formula (1.6.1),

1 (7 VAC — B? K2C
E [Nk (o, 8)] = ;/ TGXP (—m> dx

1 [P V2|BK| K? | — BK|
3.1 ] _B
(3.1) + - /a 52 &P ( QA) erf JAA(AC = B dx

B B
:/ Fldx+/ Fydz,

where

Applying (1.2) gives us

A= [Ty e gy

T k=0 j=0
B [ 303 ek (o)
T k=0 j=0
C= [ 303 e (o)
T k=0 j=0

39



Recall that from (2.2), (2.3), and (2.4) we have the expressions

H(z,z)f(¢)do
/71' 1— xn—f—le—i(n-l—l)(j) 1 — xn—&-lei(n-‘rl)(b

1 — ze . 1 — xei?

s

I
i
3 el

f(9)dg,

p= [ 750 s
— gntl 7z(n+1)¢>
:/ ( 1 —xe i )
n 4+ 1) z(n+1)¢<1 _ xei‘b) _ (1 _ xn+1€i(n+1)¢)(_ei¢)
(= e ) sterdo
and
o= [ |55 rons

(1 — ze—i)2
n +1 xnez(nJrl) (1 . xeid)) o (1 . xn+16i(n+1)¢>)(_ei¢>
(1 — xei®)?

/.
n n —z(n+1)¢ — re~i%) — _ xn+1e—i(n+1)¢> P
/( ( + 1 (1 )— (1 )( ))

f(¢)do.

3.2 Expected Number of Level Crossings on (—1, 1)

Our first step will be to show that the contribution from the integral of Fj is negligible.

Lemma 3.2.1. For f(¢) continuous and positive we have

1
/ Fydz = o(loglogn).

1
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Proof. Since f(¢) is a continuous, positive function, we can find constants ¢y, ¢y > 0

such that & > f(¢) > & for any ¢ € [—, 7). Now, for the interval (—1 4 %82 1 —

loglogny e have
n

" 1
A /ﬂ- (1 - xe—i¢)(1 — xeiﬁb) f(¢)d¢u

from which we can then derive the lower bound

ey (1 — 227+2) Co Co /7r 1
3.2 < == . —do < A.
(3:2) 1 —a? “1—22 27 J_. (1 —xze )(1— ze'?) =
Using the fact that f = == in the independent case, we can derive an upper bound

as well, where

™ (1 — In+167i(n+1)¢> 1— xn+1€i(n+1)¢)
q<cl [T ) (- ) 0o
(1 —ze ?)(1 — ze'?)

Notice that this upper bound holds on the entire interval (0, 1). Next, from our work
in Chapter 2 we know that

|B|~/

ei‘z’

(1 — J;@—i¢)(1 —_ $6i¢)2 f(¢)d¢7

which implies

Bl < 5 , | / O

1—!9€|

|B| 1 (1—a22\"?
<
A32 = 1 — || C2

- /2 1
" Ve (=)

—K? < 1
exp 54 _1+§—j
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It follows that

and




1

— K2(1—z2)
]' + 2c1
< 1
- K2(1—|z]) ©
]' + 2c1
Thus,
loglogn loglogn log n _
/1 " Rdr<, |2 / (GO
1+loglogn 02 1+loglogn 1 + K2(17|x|)

2c1

=2 o |K| L—z)7'”
(34) N CQ K2(1 x) x

loglogn
Kv1l—=x
= —2+/2c; arctan
( RV 2C1 )

0

— 0(1).

Next, for z € (=1, -1+ logl#) u(l-— bgl%v 1),
|B| < %ZZF Pl
k=
nc
< —
< kz

by (3.3). We also have

A= o /w (1 _ xn+167i(n+1)¢) (1 _ In+1ei(n+1)¢)
(1 — ze=9)(1 — ze?)

de

¢ (nloglogn)"/?.
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Thus,

o Vi KB

__loglogn - e 1,103 logn A3/2
n n

1
< 7r/ c|K | (nloglog n)"/?
1

__loglogn
(loglog n)3/?
= o(loglogn).
Similarly,
2 _1+log }nogn
%/ Fy = o(loglogn),
-1

which proves the claim. O

We will next show that the expected number of zeros on the intervals (0, 1 L)

- logn
(1—‘fesloen ) (—1 4+ L 0) and (-1, —1 + 281%2) i5 negligible.

logn?

Lemma 3.2.2. Assume f(¢) is continuous and positive. For the intervals (—1, —1+
loglogny (14 L_0), (0,1 ——), and (1— logl%, 1), the expected number of zeros

n logn’ logn

is O(loglogn).

Proof. To start, we note that since the quantity % is never negative, the inequal-

e _K—m <]_
P\ T2ac—By ) =

holds in general. It follows that

B B8 ./ — 2
/ Fidz < l/ —AOA B dz.
(0% 7T o

ity

(3.5)

Applying Lemma 3.2.1 from above, along with Lemma 2.2.1, we then have

ElN(—H Lot )]:O(loglogn),

logn’~  logn

and
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In what remains of this section we will mainly be concerned with computing F

) and (1 — 1ogn>1 — loglﬂ). Recall that

1 — loglogn)
n

on the intervals (—1 + loglog” -1+ logn

logn

9(y) = YToglogn® Starting with z = 1 —y € (1 —

from our work in
logn’ ’

Chapter 2 we have the equations

A~ O actan(g( >

Y

(3.6) B~t y@ arctan (i)

)
¢~ I arcten (420,

Y

for f(¢) € C (|]—m,7]), and

A= 2/(0) arctan ( 91) ) (L)
y 9(y)
(3.7) B = f(g arctan (M> ( ! )
y y y9(y)
C f(g arctan < 9(y) > ( L ) ,
)
for f(¢) € C* ([—m,x]). Also from Chapter 2, we have the expressions

AC — B* ~ L(f) [arctan (MHZ?

Y
?

(3.8) Y Y
VAC—B® 1
A 2y’

for f(¢) € C (|—m,7]), and

AC - B* = f;i()) {arcmn (%)} 0 (y?’gl(y)) ’
(39) @:%“)(ﬁ)’

for f(¢) € C* ([=m,7]).
We will first handle the simpler case when f(¢) € C ([, 7]) and K is bounded.
From (3.6) and (3.8) we have
CK? K2y
2(AC = B?) h 2f(0) arctan (M> .

)
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It follows that

1 (o 1 —K?y
;/k’g',fg" %eXp 2f(0) arctan <M> dy
y

1 [on 1 K

N;/l"glfg”@ 1_2f(0)arctayn<w) W
v

1 [ 1
N;/@
Nilegn.

2m

1 ) Applying (3.7) and (3.9)

loglogn

s~ [P () -0 555)
) 1

VR

Next, let f(¢) € C* ([—m,7]) and K = o

yields

K2
- 2£(0) arct;yn (%) o (W> .

Now, we can choose positive constants a; and ay such that for large enough n,

2 2 2.2
a1 K=y < K=y L0 <K y )
2f(0) arctan <%) 2£(0) arctan <%) 9(y)
as K%y

2£(0) arctan <%) ’

which then yields

(3.10) % +0 (@)} exp Qf(o);j;f::/(M>

Yy

1 1 —a1 K%y
1 {Zy 9(y) =P 2£(0) arctan <9(y)>

Y
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For i = 1,2 we have

[i + 0 (—1 )] exp 0k
2y 9(y) 2f(0) arctan (%)
1 —a; K%y < 1 )
—ex +0|——).
2 o 2f(0) arctan (%) 9(y)

Thus, using an argument similar to the one in [11],
1 (e |1 —a; K%y 1
— / exp : +0 (—) dy
TS loslonn 2y 2f(0) arctan (g(y)) 9(y)

1
1 [leen 1 )
N ; /og logn @ eXp ( CK y) dy + O (log log n)

-1
_ ()
(Where c=uq [Qf(()) arctan (%)} )
1 1 1
= — |log [ cK?*—— ) —log CKZM
2m logn n

1 cKQloglogn 1 e ¢ 1 CK2$ 1 . e—t
— dt — — dt
+ 21 t 2 t
1 e B B T Ry
:—logn+— dt — — ) ¢ dt + O (loglogn) .
2 t 2T

Since we are assuming that Kzlogl% — 0 as n — oo, the first integral is o(1). For

the second we have

1 (a1 — e 1 [T1—et
=_—— ’ C at— — ° at
27 )4 t 2 t
1 cK? loé n 1 1 cK? loé n e —t
= “dt + — —=dt+0
2 )4 t * 2m +00)

1
= ——log K* +O(loglogn).
27

From (3.10) it then follows that

1— log logn

1 n 1 n
3.11 - Fy = o log (5 ) + O (loglogn).
(3.11) W/lll 1= 5-log {55 ) + O (loglogn)
ogn
To handle the interval from (—1+e8lgn, —1—1—@) we will substitute in —z = —1+y,
where z € (1 — logn’ 1 — foglogny Thep
1—(— n+1 71(n+1)¢ 1 o (_x)nJrlei(nJrl)(z)
a- [ - T po)ds,
1 + xe I+ ze
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Referring to Chapter 2 once more,

~—

>

(3.12)

~—

)
>

f(¢) € C([=m,7]), a

for

TN = —_

N ~— =y

~__ S
~_

~_

< S
+

+

ESCER
/I\(
N~ >
) N——
= ©
< ~+~ n
~+= Q <
o = B
ARG -
& By~
=|>=I7 WTy
o\ _ S—

I [ [
< Qq ®)
2}

—
>

f(¢) € C*([—m,7]). We now have the express

ons

for

)

)]

)

q(y
y

1 {arctan (

Y

AC — B*> ~
AC — B2

(3.14)

f(¢) S C([_ﬂ-’ﬂ-])? a

for

&
heugl IE=N
f —
I
fa Y
_ _
O
< |3
=)
—
)




for £(6) € C" (|-, 7).
We will again start with the simpler case when f(¢) € C([—m,n]) and K is

bounded. By (3.12) and (3.14),
CK? K?y
2(AC - B?) 2f(m) arctan <M) 7

Y

from which it then follows that

1 (o 1 — K%y
T Z_yeXp 9()
Vi loglogn 9\y)
5 2f(m) arctan( S )
1
1 [loen 1 K?
~ T / i b : wy | Y
i log logn &
osn 2Y 2f(m) arctan( . )
1 /1g 1
m loglogn 2y
~ —1 )
5 ogn

Next, we will assume f(¢) € C! ([, 7]) and K = o <1 /m). Using (3.13)
and (3.15) gives us

2(142—}232) - K; V;’T) aretan (M) o (y2;(y)>]
) |

K2y
9(y)
2f(m) arctan( 7 )

+
VRN
< | =
SR

[\
N——

As before, we can choose positive constants a; and as such that

K? K2 K22
L < !/ + O (—y )
2f(m) arctan (%y)> 2f(m) arctan <%) 9(y)
as K2y

which then yields
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@“”[%+O@é0%w wwgzﬁzu>

Yy
Yy

1 1 —Qa KQy
<F<|—+0 (—)] X :
1 {21/ 9(y) P 2f(m) arctan (M)

Y

NOW, for Z = 1, 2 we haVe

1 1 —CLl'KQy
— 4+ 0 —)]ex
{234 + (g(y))] P 2f(m) arctan (%‘y)>

BB (ST O
2y 2f(m) arctan <M> 9(v)

Y

Thus,

Togn

1
1 1 — iKz
_/ [—exp g +O(—)]dy
T Jlog l;)gn 2y Qf(ﬂ') arctan (%) g<y)

1
1 [ren 1
_—/ 5 exp (—cK?y)dy + O (loglogn)

s M2y

n

<where c=aq [2f () arctan <%>} 1)

) 1 log
_ = log CKQ— o lOg CK2M
2 logn "

| [RPREER ot 1 Fmm 1= et
Yo I S
™ Jo T Jo
1 CKPIEDER 4 L[ 1 — et
2 8" 5 ) £ ", rotestoen

Since we are assuming that K2logl% — 0 as n — oo, the first integral is o(1). For

the second,
1 CKzﬁ 1 -t 1 1 1 =t
__1 N € dt — — ¢ dt
27T 1 t 27T 0 t
1 Kk 1 [ gm ot
__1 Zdt + — —dt + O(1
27 )y t * 27 Jy t o

1
= ——1ogK2 + O (loglogn).
2
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It follows that

3.17 ! 7+@F 11 O (log1
(317) -/ = 5-log () + O (loglogn).

m _1_,_103;17(;@;71

3.3 Expected Number of Level Crossings on
(—o0,—1) and (1, c0)

Now that we have derived the expected number of zeros for (—1, 1), in this last section
we will consider the remaining intervals (—oo, —1) and (1, 00). We will start with the

latter. Let = 2. Then, for z € (0,1) we have

() -Ermo

k=0 7=0
(318) B /7r 1 — Z—(n+1)e—z‘(n+1)¢ 1— Z—(n+1)ei(n+1)¢f(¢)d¢
T . 1—zleie 1— 2 1eid
] — Zn+1€i(n+1)¢ 1 — Zn+1€—i(n+1)¢
2
— : . , d
: /7r 1 — zei® 1 — ze~i® (9)do,
(3.19)
1 n n )
B (1) =S r - et
o k=0 j=0
™1 —(n+1)e—i(n+1)¢
) 1—z"le i@
—(TL 4 1)Z—nei(n+1)¢ (1 _ Z—1€i¢) + (1 _ Z—(n+1)€i(n+1)¢) euz)
ey £(9)do
P T _ Zn—l—lei(n—l—l)qﬁ
- /_7r 1 — ze?
—(n+1) (1 —2e7) 41— znflemilnte
e F(0)do,
and
(3.20)

( ): D Tk = ka7
0 7=0

B / (n + 1) —ne—i(n+1)¢ (1 o z—le—zd)) 4 (1 o Z—(n—i—l)e—i(n—i—l)qS) e—i(;S
- (1 — z-lemis)?
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_(n + 1)Z—n6i(n+1)¢ (1 _ Z—leiqﬁ) + (1 _ Z—(n—‘rl)ei(n-i-l)qﬁ) equ

(1-— z—lei¢)2 f(@)de
_ —2n+42 /7r —(n+1) (1 — zei¢) 41 — pntleilntl)e
=z . (1 . Z@i¢)2
- 1) (1 — ze ™ 1 — pntle—i(ntl)e
(n+1)( (216— Z);—Lw)? e oo

As before, our first step is to get a bound for the integral of F5.

0 -1
/ Fydr = / Fodxr = o(1).
1 —o0

Lemma 3.3.1.

Proof. We have
(3.21)

Let ¢; and ¢ be as in the proof of Lemma 3.2.1. Then, for z € (—1,0) U (0,1)

5(2)| <okl S rth e

k=0 j=0

= nlz| " A(|z)
1 — 22n+2

< emlel

where the last line is given by (3.3). Also,

p 1 . Z—Qng /«71' 1— Zn-i-lei('n-i-l)zt) . 1 — Zn+1e—i(‘n+1)¢d¢
z 2 J_. (1 — ze™) (1 — ze™?)

72711 Z2n+2
- ef 1—22
Thus,
B ) nit [ 1= 2
A3/2 (l) < enl] - 1 — z2n+2°

Consider the interval (1 — \/L?“ 1). Recalling that K = o (, /@), the above
inequality yields



1 n
<cK||l-—
‘ '( ﬁ)
=o(1).
Next, forzE(l—\/Lﬁ,l) we have
ﬂ/ LB K],
— — 2 —dz
w Ji_1 22 A3/2 (%)
1
1—22
< n—1
C’K’ L nz 1 ~2n+2
. | 1—22 tood [ 1—22
= ¢|K|z T c|K| 1_¢Z £< —1—22”+2) dz
1-L n

d 1—22
d_< m)”wﬁ)

onz € (1-— \/iﬁ, 1). Applying (3.21), this proves the result for (1,00). Noting that

the same argument works for —z, the result then follows for (—oo, —1) as well. [

Our next lemma will evaluate the integral of Fj.

Lemma 3.3.2. (i) For f € C([—m, 7)),

o] —1 1
/ Fidx = / Fydx ~ —logn.
1 —00 27

(ii) For f € C' ([-=,7]),

00 —1 1
/ Fidx = / Fidx = By logn + O (loglogn) .
1 _ ™

o

Proof. We will prove the result assuming that f € C!([—x,7]); the resulting argu-
ment will require only a few minor changes to prove the claim for f € C ([—7,x]).

To start, we have the inequality

/oo Fyda < %/Oo \/A(x)a(g_ B 4,
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Notice that the expression on the right is simply the expected number of real zeros

of P,(z) on (1,00). Similarly,

/_1 Fide < %/_1 VA(:C)(XZ%_ BA@) 4,

[e.e]

Thus, our work in Chapter 2 yields the upper bounds

o 1
/ Fidx < gy logn + O (loglogn),
s
(3.22) . )
/ Fidx < by logn + O (loglogn) .
T

The rest of the proof will be devoted to the derivation of a lower bound.

Consider the interval (1 — =1 — bgl%). Let z = 1 —y, and recall that ¢g(y) =

logn?

ylolgol%. Using (3.18), (3.19), (3.20), and our results from Chapter 2, along with some

tedious algebra, we can derive the expression

2()e(E)-#()
_ ine [ / f@)ds / F(6)do

2 : .
o (L —2ze?) (1 —ze7) | (1 — zei®)? (1 — ze—i%)?

- (/: (1 zei{;)(g?idf ze—i¢)2)2
+0 ((n +1)z"! /_z (1— zei;()(b()ldf ze—i9) /_7; (1- Zei{;)((?idib Ze—w)?) ]

s ()0 5]

y! y
Thus,
A ) -8 (Y I I
3.23 = T=(1- —+O(_)}
2 A(3) 1 -9) {21/ 9(y)
Also, if we refer to our work in Chapter 2 once more,
1 2
(3.24) C (;) ~ (1 = )22 2(n + ;) FO) ctom (%)

Applying (3.1) we then have

/ Fldl‘:
1
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1/ 1A )-8 (Y . (_ K20 (1) ) .
mJo 22 A(2) 2(4(2) ¢ (2) -B(2))
i / e\ [A(HCE) - BA(Y) KC() )
> — exp | — 2
T A3) 2(A(D)C(D) - B2(2))
_1 /10gn o [1+ 0 (K*(n+1)*(1—y)"y°)] + 0O <L) dy
7T [loglogn 2y(1 — y) g(y)
1 logn
= ; /Oglogn 21 )dy + O (loglogn)
= 2— logn + O (loglogn) .
Noting that almost the exact same argument holds for —z,
/ Fidx > gy logn + O (loglogn)
o T
as well. Combined with (3.22), the claim then follows. O

Proof of Theorem 3.1.1. Combining the results of Lemmas 3.2.1, 3.2.2, 3.3.1, and
3.3.2, along with equations (3.11) and (3.17), Theorem 3.1.1 now follows. O

3.4 Conclusions

Under the restrictions imposed on the spectral density, we have shown that for the
K-level crossings, just as in the case of the expected number of real zeros, behavior
similar to the independent case holds. However, similar open questions also remain.
That is, it would be of interest to see what happens to the expected number of K-level
crossings for covariance functions with slower rates of decay, as well as to identify at

what point the behavior changes to match that of the constant covariance case.
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Chapter 4

Complex Zeros

4.1 Real Gaussian Coefficients

In this chapter we will extend the work of Shepp and Vanderbei [28] to study the
complex zeros of random polynomials with dependent coefficients. This work will be
divided into two separate cases. The first will assume dependent standard normal
coefficients. Under certain restrictions on the spectral density, we will show that in
the limit the zeros accumulate around the unit circle in the complex plane, uniformly
in the angle, just as in the independent case. While this result is covered in [15],
we present it here for two reasons. First, the analysis here will give a slightly more
detailed picture of the way in which this happens. Secondly, we will then employ
similar techniques in the second half of this chapter to study a problem which has
applications to the GSM (Global System for Mobile Communications)/EDGE (En-
hanced Data Rates for GSM Evolution) standard for mobile phones. Here, we will
consider random polynomials with dependent complex Gaussian coefficients, having
mean zero and exponentially increasing or decreasing variances. As a further note, to
give an illustration of this type of behavior in action, in Appendix B we have included
a few results of numerical simulations for the independent case of standard normal

coeflicients.
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4.1.1 Formula for the Distribution of Zeros

Before we state our first result we must mention a couple of things. The first concerns
the distribution of the zeros of P,(z). If we consider the function

1 1 1

= Xo2"+ X1 2"+ X,

it can be seen that whenever |z| > 1 is a zero of 2" P,(2), then Z, = i is a zero of
P,(z), where |Zy| < 1. Since the distributions of the zeros of the two functions are the
same, it is sufficient to only look at the expected number of zeros on the unit disk,
and then multiply that amount by two.

We will also need to compute several expressions. Making use of the spectral

density form of the covariance function (1.2), we can derive formulas for the following

covariances:
Ap(z) = ZZ/ f(o e~ ik=0) kti g,
k=0 5=0
/ f _ n+1€—z(n+1)¢ . 1 — Zn+lei('n+1)d>d¢’
1 —ze %@ 1 — zei¢

Bo(z) = B[P, ZZ/f Be k=041 s

k=0 5=0
/ f _ n+1€fz(n+1)¢ . 1 _z'n+1_ei('n+1)d>d¢’
1 — ze i@ 1 — zei
Ai(2) = E[P,(2)2P.(2 ZZ/ f(@)e k=D k47 g
(41) k=0 7=0
/ f _ n+1€fz(n+1)¢
1— ze i@
TL + 1) n+1 z(n+l)¢(1 _ Zeiqb) + Z@M)(l _ zn+1€i(n+1)¢) d¢
(1 — ze™)? ’
Bi(z) = E|P,(2)zP.(z ZZ/ f(p)e =9 k7 g
k=0 5=0

1 — Hntl, —i(n+1)¢
/ ut 1— ze i

(n+ 1)z el tDo(1 — 26i) + ze¢(1 — z7H el t1)9)
(1 — ze9)?

do.
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In addition, let

(42) )= \/B3(2) — | A=)

One main difference from the independent case is that these expressions are not
straightforward to compute; they depend on the values of the spectral density. To
apply these formulas we will rely heavily on deriving asymptotic values throughout
this section. Let 1,(€2) be the number of zeros in the set Q. Our first theorem is

stated as follows:

Theorem 4.1.1. For any region ) € C whose boundary intersects the real axis at

most finitely many times we have

1 1
4- = —_—— p—
(43) Bn(@)] = 5= [ P
where
(4.4) P B1Dy + ByBy — Ag 4,

Do(By + Dy)

Proof. The proof will be based on that of Shepp and Vanderbei, with the addition
of some necessary changes to adapt it to the case when the coefficients are no longer
assumed to be independent. We will first outline the beginning part of their procedure;
the second half of our argument will discuss the needed changes. To start, we can

use the argument principle to compute v,(€2) (see [6] for a reference). It follows that

1 P! ()
V() = 50 /asz T(Z)dz.

By applying Fubini’s Theorem [22] and a result of Hammersley [14] on the distribution
of the zeros of a random polynomial with Gaussian coefficients, we can take the

expectation and move it inside the integral. Thus, this becomes
1 P
E[v.(Q)] = —/ E ﬁ dz
210 Joa | Pu(2)
1 1 !
= — -E 2h(2) dz.
27 Joq 2 | Pu(2)

The rest of the proof will be devoted to deriving the formula for F(z) = E [ZP/(( ))]

given in the statement of the theorem.
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Following the established procedure, we can decompose P,(z) and P/ (z) into their

real and imaginary parts. We have

zP)(z) = Y3 + Yy,

where
io= Yl oaX;, Yoo = Y biX;,
Vs = Y 06X, Yo = YU diX;
Furthermore,
a; = Re() = =2
b = Im(z/) = —Zj_zj,
(4.5) ’ =) 2
¢ = Jaj,
dj - jb]
Let M denote the covariance matrix of Y = [V, Y, Y; Yy ]'. Using the

Cholesky factor, L, for the matrix M, we have the decomposition
E[YY"|=M=LL" =E[LWW'L"],

where W = [ W, W, Wy W, | is a vector of four independent standard normal
random variables. In addition to L being lower triangular, notice that the above
series of equalities also implies that Y =; LW. That is, Y and LW are equal in
distribution. Using these results, we have

2P (z)  Ys+iY)

P.(z)  Yy+iY,

(I31 + tly ) W1 + (I32 + ilyo)Wo + (133 + ilyg) W3 + ilyy Wy
(lll + ’ilgl)Wl + ilQQWQ ’

—d

where the [;; are elements of L. From here, after a series of manipulations and

calculations (the details of which are in [28]), we arrive at the following formula:

2P/ (2)
F(z)=E n
=8 5]
_ lso — Ly +i(ls1 + l42)
—lo1 +i(l11 + log)

(4.6)
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Up until this point we have basically given a summary of the techniques used
by Shepp and Vanderbei. However, we will now need to derive expressions for the
elements of L and M, and this is where our argument will begin to diverge from
theirs. The dependence among the coefficients of P,(z) and P/ (z) presents a slightly
different challenge and necessitates the use of the spectral density of the covariance
function. The relevant elements of L are

lhi = \;nn%’

2
mai mi11Mm22—myq

l21 - NIoTR l22 Ry/mi1 )

o = 31 oo = T1M32—M3 M)
31 Vmi1 ) 32 R/m11 ?
Ly, = 41 Ly, = T1M42—M41ma]
AT Umn o 42 Rymi

where

— 2
R = \/mnmgg — my.

Plugging these into (4.6) gives the formula

i(ma1(—mao+imsza)—mai (—ma1+ims1))
R

—Mo1 + imn + iR

(4.7) F(z) = T

Our next step is to compute the elements of M. Using the spectral density we

can derive the following expressions:

mi = E[Y}’]
= i/ﬂ f(®) [Zn: Zn: e’m’ew(zkﬂ' + 2R 4 Pk +5k+j)] do,
- k=0 j=0
miz2 = E[Y1Y2]
- k=0 j=0
miz = E[Y1Y]
- i/ﬂ f() [i 2”: e~ HOeiIP (M ZF T 4 M +7k+j)] do,
- k=0 j=0
miq = E[Y1Y4]
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[ ) [ 3 e g 2 >] o,
- Lk=0 j=0
may = E[Y7]
_ _411 " (o) ~\ o0 (ki _ ki ki zkﬂ)] do,
- L k=0 j=0
Mag = E[Y2Y3]
= —2 ' f(®) " ie_ik¢eij¢j(zk+j + 2FF — Zh 0 — FMY | dg,
- L k=0 j=0 1
moy = E[Y2Y4
= __/ f(o b e~ kOeiI0 (T Rl FF I 4 FHI) | do.
L k=0 j=0 1

Using (4.1), with a little work we can now express the elements of M as follows:

my = B[] = (Ao + 2By + Ap)

miz = E[G&] = —2(Ag — Ay)

mis = E[&&]) = YA+ Bi+Bi+A)
(4.8) myy = El6&] = —{(A+Bi—- B —A4)

myp = E[G] = —3(Ao— 2B+ Ay)

mys = E[&&] = —4(Ai+Bi— By — Ay)

mas = E[&&) = —3(A1 — B — Bi + Ay).

Applying (4.2) and a little algebra, we also have

R = \/mnmgg — m%l

\/ BS — [Aof?

D.

(4.9) =

N — DN —

Finally, by combining (4.7), (4.8), and (4.9), along with some tedious simplifica-

tions, we arrive at the formula

() = (Ap + 2By + ZO)(F_lDO + ByBy — ApAy)
(Ao + 2By + Ao)Do(Bo + Do)
_ B1Dy+ ByB; — Ay,
N Do(By + Dy)
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_ B1Dg + ByBy — Ay 44
BODO + Bg — ZOAO

)

as claimed. 0

4.1.2 Properties of the Distribution of Zeros

Now that we have verified Shepp and Vanderbei’s formula for the expected number of
zeros when some dependence is assumed among the coefficients, we can discuss some
applications. We will proceed as they did, proving a series of results which illustrates
the interesting behavior of the zeros. While we are expecting similar behavior as in
the independent case, the extra assumption of dependence will force us to rely on the
spectral density form of the covariance function, along with several asymptotic results,
to show this. We will start by proving two theorems which discuss the accumulation

of zeros around the unit circle.

Theorem 4.1.2. Let D(r) be the disk of radius r centered at 0. For any s > 0 we

have
_ 1 _ l—e*(1+s)
s/2(n+1) _
JLIEOE ntlr (D (e ))] s(1 —e™®)
1
~ 5 — g, S — 0
Proof. From (4.3) we have
Bl (D)) = 5 [ F(a)d
vp (D(1r))] = — -F(z)dz
271 aD(r) z
1 27 9
= — F(re™)do,
2 Jo

where

r=e ) s >0, z=re?.

Rewriting (4.4) we can express F'(z) as

Bl + BOB1D—OA0A1

(4.10) Fe) = =5 —p

We will start by determining the asymptotic behavior of By and By. By then

showing that the contribution from the AyA; term vanishes in the limit, we will have
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the asymptotic behavior for F'(z) as a whole. Note that we can assume 6 is bounded

some small distance away from —m and 7. Otherwise, using the fact that

T 2 0
R R A (O O
—r 0 —27
for any k, the following results will hold with only minor changes to the arguments
used.

For By we have

” 1 — =52 n+1)(6—0) 1 _ =5/2pi(n+1)(6—0)
Bol=) = /,r () 1 — e—3/2041)¢i(0—¢) | — g—s/2(n+1) gi(¢—0) do
- / e o)z s DOl +e
6—(n+1)~% 1 — 2e=s/2(ntD) cos (0 — ¢) + e—5/(n+D)
T e
9+(nt1)~ 1 1 — 2e—/2(0+1) cos (6 — @) + e~s/(n+1)

B} f(Qb) 1 — 2¢—5/2(n+1) cog (Q _ ¢) + e—s/(n+1)

= By + Bj + B;.

N /9("“)%I 1—2e%2cos[(n+1)(0 — @) +e* "

Starting with B,

g [ 200 f(8)d0
0 2-2(1— 242y s s
4 20nt1) | 8(nt1)? 2 ntl T 2(nt1)2
1
O+(n+1)" 4 dgb
~ QCnf<0)/ 2 2
0 (0= 6 + e

0+(n+1)"1/4

= cnf(Q)é(n + 1) arctan (%(n + 1) (¢ — 9))

[}
~ cnf(e)%”(nﬂ).

We will next show that B2 and Bj are small compared to B}. For B2,

' cf(¢)
32 [and d
’ /9+(n+1)71£ 1 — 2e=5/2(nt1) cos (6 — ¢) + e=s/(n+1) ¢

< /W cf(9) 0o
= Jorman-t 1 — 267520 cos (—(n + 1)7V/1) 4 ems/(n+D)

[ HO)
or(nt1) 1 (n+1)712 4 s =

n+1)2
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~ c(n +1)?

=0 (Bé) .
Similarly, we can also show that B = o (B}). It follows that
1 2m
Bo(2) ~ By ~ cuf(0) 2+ 1),

In the independent case f(0) = % Setting the quantity above equal to the asymptotic

l—e—*
s

value of By(z) in the independent case, (n + 1) , allows us to solve for ¢,. Thus,

n 1 —e®
(n—i—l)c—:(n—i—l) ‘ =c,=1—e"",
s s
and we can now conclude that
1 1—e*
li By=2 0).
nl—{{olo n+ 0 T S f( )
Next, for By,
5 ( ) B /7r (Zn+1€—i(n+1)¢ _ 1) (n + 1) (zei(b)”Jrl
A (1 — ze—i%) (1 — zei%)

‘1 . zn+1€—i(n+1)¢|2 (zei¢ _ |z!2)
(1-— ze*i¢’)2 (1— Zei¢)2

™ —(n o= 5/20i(n+1)(6=0) _ s
/ #6) [ (n+1) ( )

] f(9)d¢

(1 _ 673/2(n+1)6i(97¢)) (1 _ 673/2(n+1)€i(¢79))

—T

‘1 _ 6—8/2ei(n+1)(9—¢)|2 (6—8/2(n+1)ei(¢—9) _ 6—8/(n+1))
(1-— 673/2(n+1)6i(97¢))2 (1-— 675/2(n+1)€i(¢70))2 ¢

e C’II’L . (n + 1)

™ 2 e—s/2(n+1)ei(¢>—o9) _ e—s/(n—i—l)
. / 2 () ( )

(1 — e=3/21)¢i0-9))? (1 — g=5/2(n+1)i(6-0))?

de
= B + B}

From our work on By we know that

Bl ~ et (n+ 1)2£(0)°.

S
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To handle B} we can apply a procedure similar to the one used on B} and B3. We

then have
0+ (n+1)~ 1 2 (675/2(n+1)6i(¢79) B 675/(%1))
B} ~ / , fe)— ~dop
0—(n+1) "1 (1 —2e=/2+D) cos (6 — ¢) + e=/(*+D)
1 _A)2
6+(n+1)"1 ci (2(7;1) _ (o 2¢) )
~2f(0) / —5do
o ((9 - ¢)2 + 4(7;_1)_2)
) B [=stn +1) 5 (0 —0)
R LS+ 120 - o)
O+(n+1)" 1

+ (ﬁ - 2) arctan (%(n +1)(0 - ¢))}
~2mf (B + 1%

0

Since the asymptotic value of B;(z) in the independent case is (n + 1)2%2(1“),

we can again solve for the constants using the same procedure as before. Thus,

L2 1—e*(1+s)
- +_ — 5 ,
s S s

C

from which it follows that

1
lim ———=B; =27

n—oo (n + 1)2 s 1(6).
Lastly, since f is real-valued,
_ 27T1 - e_;(l + s)fw)7
as well.
Our next step is to show that
(4.11) Aoy _ 0.

li =
nbo (n+1)3
Now, for small 6 + ¢ we have

1 B 1 —ze®
1—ze @ (1 —ze %) (1 — zei®)
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1 — e /2 [cos (0 — ¢) — isin (6 — ¢)]
1+ e=s/(nt1) — 2e=3/2n+1) cos (6 — ¢)

(9;¢)2+ (n+1 +i(0 — ¢)
<9 ¢) n+1)

Similarly, for § — ¢ small we have

1 B 1 —ze
L—ze (1 —ze) (1 —ze ")
1 — e /2 [cos (0 + ¢) — isin (6 + ¢)]
1 4 e—s/(n+l) — 2e—s/2(n+1) cog (8 + §b>
0 2
(6+9¢) + (n+1 + @(9 —+ ¢)

2
(6 + (b) n+1)

For Ay we then have the inequality

79+10g‘++1 9+logn+l
o [ oot [T o)

1 1 — ze?
log (n+1) “To (+1)

0— 2

Vo U+ iy (0 — )
”1/9 (0= 67 + 5050
R e S ()
”2/9 0+ 67 + 5050

f(¢)d¢

1
" log (n+1)

f(¢)do

1
log (n+1)

< clog(n+1).

Similarly, we can also bound A; from above:

Sagrrcesy
Am/ - ){Cl(n+-1)+ | fo)do
-0

— i¢ 2 2
T 1—ze (1 — zei?)

0+ gD c3(n+1)

[T R oo
log (n+1)
/9+log ('}H*l) ( + 1) (92¢)2 + (’)’L+1 + 7’(9 + Qb)
~ c1(n
log (n+1) n
(9+¢)2 s ;
+ 5= T i(0 + @)

+ o A t) f(9)do

(‘9 + gb) n+1)

0+ g nr Dy 4 sy 0~ @)
)

+ c3(n+1

/9 ( ) (9 ¢) 2(n+1)

f(@)d¢

1
" Tog (n+1)
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<c¢(n+1)log(n+1).

From here it is easy to see that (4.11) holds. Combining these results and applying
the Lebesgue dominated convergence theorem (see [21] for a reference) leads to the

formula

, 1 I
lim E v (B(r)) / lim F(z)do
0

oo A+ 1 T2 )y nexntl
1 o Qﬂ-%w‘f(e) + QW%Q(HS)JC(Q)CM
2m g i C)
1—e?(1+5)
sl —e)
1
~373 270
as claimed. O

Theorem 4.1.3. Let r = e /26+D) | Thep,

lim E[v, (D(r))] ~ k+1,

n—oo

as k — o0.

Proof. Applying (4.3) gives us

Elvn(D(r))] = % /0 " F(re®)do,

from which it follows (along with the Lebesgue dominated convergence theorem) that

lim Efv, (D(r))] = - /O " lim F(re®)do.

n—00 27 n—0o0

Applying the Lebesgue dominated convergence theorem once more, we then have the

formulas
. " 1 1
A= nh_)ngo Ap = f(®) 1— ze—i0 1 — Z€i¢d¢’
. " 1 1
B = 7}1—{20 By = f(ﬁb)l — e 1 — gei¢d¢’
T _ " 1 2e
A = nh_)n;<> A= /_7r f(¢) 1 — ze—i¢ (1 _ Z€i¢)2 do,
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B — lim Blz/ﬁf(gzﬁ) Lo
n—00 - 1—ze i (1—7ze9)2 "

D = lim Dy = /B? — AP

n—oo

It follows that B
B B'D+ BB — AA’

lim F(z) =
m F(2) D(B + D)
Adding and subtracting %/]A\Q from the denominator gives
B’ |A|? B A
4.12 lim Fz)=—=+—+———=|—=——|.
(4.12) A FE) = F s\ B A

Now, recall that r = e~'/2(:*1) We will next show that the second term stays
bounded as k increases. If we repeat the analysis done in the proof of Theorem 4.1.2
for Ay, Ay, By and By on the terms A, A’, B and B’, respectively, we will obtain
similar results. That is,

B ~Anf(0)(k+ 1),
/ 2
(4.13) B' ~Anf(0)(k + 1),
A<clog(k+1),
A < cy(k+1)log (k+1),
for ¢1,co > 0, as k — oco. Applying these results gives the inequality

| A|? B A (log (k +1))*(k + 1)?
D(B + D) (E_Z>§C (k+1)3

<C.

Thus, letting k increase we can see that the second term is bounded by a constant.

Furthermore, if we plug in these values for B and B’ into (4.12), we have

lim F(z) ~k+1,

n—oo

as k — 00. The claim then follows. O

Theorem 4.1.4. Let C(01,03) be the cone in the complex plane consisting of all points
with arguments between 01 and 0y. Furthermore, assume C(61,0s) does not intersect

the real axis. Then

lim Bl (C(6),62))] = O — 0>

n—oo 1, + 2w

In other words, the zeros are distributed in the complex plane uniformly in the angle.
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Proof. 1t is sufficient to compute the limit for the intersection of
C(64,02) with the unit disk, and then multiply the result by two. Let R(6,65)

denote the polar rectangle resulting from this intersection. Applying (4.3) once again

we have
Bl (RO, 0)] = 5 [ SP(2)d
Un ) = - -
b 21t Joq 2 #)6s
1 (1 . I AT
= — [ =“F(re™)dr + — F(e)do
2 Jo T 27 Jo,
(4.14) 1 04
— ZF(re)d
+ omi ) ¥ (re"2)dr
=5 = re re r o ), e )

Our initial step will be to show that the first integral vanishes in the limit. Let r > 0

and rewrite F in the form

B, ApAy

Flz) = F0 - Dy(By + Dy)

Then,

El(rewl) B Fl(rew?)

Dq(rei®)  Dg(ret2)

_ B, (n 20re™) = Dofre™)
Dq(re?) Dy (re??)

F(re') — F(re?) ~

since B; depends on r only. Analyzing the numerator we have

(4.15) Do(re™) — Dy(re™)
= /(n+1)2 — |Ag(re®)|2 — \/(n + 1)2 — | Ap(rei®2)|?

Z(”“)”<\/l—w—\/1—w)

" (Iz‘lo(v"ewlﬂ2 _ \Ao(re"'92)|2>

2n? 2n?
1 ) )
=5 (IAo(re ™) = |Ag(re™)[?) ,
from which it then follows that
. . B 1 . .
F(re®) = F(re®) m D10 L (ay(re)2 — | Ag(re)P)

Do(rei®)Dy(ret2) 2n
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~ ¢ ([Ao(re™)|* — |Ag(re)|?) .

Thus, for r > 0, % times the integrand vanishes in the limit. Now, to consider the

case when r = 0 we will first need the following limits:

oy o = g do = 1

lim Dy = 0,
1—

lim —B1 =1.

r—0r

Letting » — 0 we will also need the expressions

™ 2
BBy~ Ao~ 2= ) = 21— ) ([ foneao)

(o]
and
(4.17) Bj — [Aol” ~ 2r*(1 = cos 26) — 2r*(1 — cos 20) </— f(gb)ewdgb)

= 4r%sin% 0 [1 — < /_ : f(gzs)ewdqs) 2] .

Combining (4.16) and (4.17), and recalling (4.2), we then have
. i N2
=) 1= (17, foreas)]
2
20 sine\/ 1— ( I f(¢)ei¢d¢>

20 ™ 2
- (1Sin€6’ )\/1_( - f(¢)ei¢d¢> 7

which leads to the final expression

. 1ByB; — AgA1 .
hm —_—_—— hm
r—07r DO r—0

1 ) 1 El + BOEI 7ZOA1
lim = F 0y _ Do
r0 7 (re®) r By + Dy

1 00 ([ orsis)

Thus, even at r = 0 the integrand is bounded in n. Combining these results, we can

conclude that the contribution from the first integral disappears in the limit.
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We will now derive the asymptotic value for the second integral in (4.14). For

2z = ¢ we have

For B},

where Si(z

- [ S
- [0 ey i,
/Wf = T CZJ@U(Z) Do

—At:?;fﬂwl‘?fgﬁdﬁi;@u¢
) /i—<n+1>”4 fo) s clos_ (E:);Eel)_(i )— ) 4
O gy e
= By + B + By.
o [ 0,
pa1)-1/4

) /Ge+( DT cos (((9n_+¢1))2(9 —9) 44

=4£(0) [—1+cos ((n+1)(6 — ¢))

»—0
O+(n+1)~1/4

T (4 1)(6 — §)Si ((n+ 1)(6 — 9))]

0
~ —4f(0)(n + 1)Si (—(n + 1)**)

~2rf(f)(n+1),

fz S”;tdt For B2 we have

1/4

) 0—(n+1)~ c ]
B; <
0= /—7r 1 —cos((n+1)-1/4) ¢

1/4

0—(n+1)~ c
N/;ﬂ_ (n+1)—1/2 d¢

2

=o(n).
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In a similar fashion we can also show that B = o(n). Thus, it follows that
(4.18) By (re”) =2xf(0)(n+ 1) + o(n).

To handle By we will break it up as

i n +1)e i(n+1)(¢—0) _ 1
9 f 19) i(p—0 d¢
— ei( ¢>)(1_e(¢> ))

/ o Z(¢ 0) ‘1 et(n+1)(¢— 9)‘ (1 — ei(9—¢))

d
(1 — €i0-0))? (1 — ¢ilo=0)? ¢

= B + Bi.

By our work done on By we know that Bl = 7 f(0)(n + 1)® + o(n?). Next, for BZ,

s |7 [2—2cos((n+1)(0 — ¢))] (isin(¢p — @) + cos(¢p — 0) — 1)
Bi= /ﬂ 19) (2 — 2cos(f — ¢))*
T 1—1cos((n+1)(0—9))
—/ﬂf(qb) 2 —2cos(f — @)

de

de

Thus, it now follows that

(4.19) Bi(re”) = wa?ePm £(0)(n + 1) 4 o(n?).

For Ay we have the expression

T 1— ZnJrlefi(nJrl)d) 1 — Zn+1ei(n+1)¢
o= / /@) 1 —ze . 1 — ze® d¢
Sasraceay 1 — zntleinte) (1 — ze—i@
~e [T b ( Ao
0— log (n+1) |1 — =€ ‘
9+W 1 — pntle—i(nt1)e) (1 — zeid
o [T ot O,
I CEsY) 1 —ze™|

~e f T =+ DO+ st @ +9)
0

2 —2cos (0 + ¢)

s —sin ((n+1)(0 — ¢))sin (0 — ¢)
vo | O s 1 =9

1
" log (n+1)

dg

1
" log (n+1)

= O(logn).
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™ 1 — yntl—i(n+1)¢

/ 1— ze i@

' —(n 4 1)2 DS (] i) 4 zeid(1 — Zn+16i(n+1)¢)d¢
(1 — zei?)?

O+ o tnrD) 1 — zntlemitnt1)e) (1 — zeid
~am+1) [ Flo)t )0 =2 4
0

S - 11 — ze—i9)?
~0+ gty an+1)(1-ze ™) e (1- Ee_w’)2 (1 — zntleintl)e) J
/—G—mg(im 1) 11— zei|” 11— zei|* ¢
"t es(n+ 1)sin (6 — ¢)
N/g /(9) 2 —2cos (0 — ¢)

EARTCEY ci(n+1)sin (0 + @) cosin® (04 ¢)sin((n+1)(0 + ¢))
/ f<¢>{ 2 —2cos (0 + ¢) * (2—2cos (0 + ¢))2 }d

dp +

1
" log (n+1)

¢

1
—0— Tog (n+1)

=0 ((n+1)log(n+1)).

It now follows that

B AgAy
Dy Do(By + Do)
afOnn+1)

2 f(0)(n+1)

F<€i9) —

n
=3
Thus,
1 1 b2
li Ev,(R(61,05)) = lim ——— —db
am g BB, 02)) = lim oy / >
B 0, — 6,
 4r
as claimed. O

4.2 An Application to the GSM/EDGE Standard
for Mobile Phones

We will now focus on a problem concerning the GSM (Global System for Mobile Com-
munications) /EDGE (Enhanced Data Rates for GSM Evolution) standard for mobile
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phones. When designing digital receivers for such a system, the properties of the
so-called discrete-time overall channel impulse response becomes important. Specifi-
cally, the location of the zeros of the z-transform of the discrete-time overall channel
impulse response determines the receiver’s performance. The randomness inherent
in mobile communications results in such a z-transform being a random polynomial.
For wireless communications in urban areas it is common for the coefficients of (1)
to be mean zero complex Gaussians, with exponentially increasing or decreasing vari-
ances (see [26] and the references therein for a more complete discussion). Under
these assumptions, Schober and Gerstacker derived explicit results for the location of
the zeros when the coefficients are independent. This assumption of independence,
however, was made to facilitate the computations. In practice, the authors state that
the coefficients will only be approximately uncorrelated.

With that in mind, the goal of this section is to study the behavior of the com-
plex zeros when the coefficients are dependent mean zero complex Gaussians with
exponentially increasing or decreasing variances. Using a result from Hughes and
Nikeghbali, we will first show that, in the limit, the roots accumulate around a circle
in the complex plane, uniformly in the angle, where the radius is determined by the
coefficient variances. This behavior holds without any restrictions on the covariance
function of the coefficients and corresponds with the behavior observed by Schober
and Gerstacker in the independent case. The drawback is that this result applies only
to the limiting behavior, and it fails to give any detail as to how fast this occurs or
how close to the circle the zeros accumulate. Thus, to get a more detailed analysis
we will use the techniques developed by Shepp and Vanderbei. In order for us to
apply these techniques when the coefficients are dependent, some concessions must
be made. Namely, it will be necessary for us to assume that the covariance function of
the coefficients is absolutely summable and that the spectral density does not vanish.
Another way to interpret these conditions is that we are requiring fast enough decay

for the covariance of the coefficients.

73



4.2.1 Exponentially Increasing/Decreasing Variances

We will start by giving a result from Hughes and Nikeghbali [15]. Let P,(z) be of
the form given in (1), and let v,(€2) be the number of zeros of P,(z) in the set Q.
Also, for 0 < r < 1 define the annulus a(r) ={z € C: 1 —r < |z| <1/(1 —7)}, and
for 0 < 60; < 0y < 2w let C(6,,02) be the cone in the complex plane consisting of all

points with arguments between 6; and 6.

Theorem 4.2.1 (Hughes and Nikeghbali). Assume the coefficients of P,(z) are com-
plex Gaussians with mean zero and unit variance. Then there exists a deterministic

positive sequence (ay,), subject to 0 < a,, < n for all n and o, = o(n) as n — oo,

such that
lim lyn (a <%>> =1, a.s.
n—oo 1, n
and
1 _
nlljgl(> —Vn (C(64,0-)) = 9227r917 a.s.

In other words, the above theorem tells us that for mean zero complex Gaussian
coefficients with unit variance, the zeros will accumulate around the unit circle in the
limit, uniformly in the angle. Furthermore, this occurs without any restrictions on
the dependence of the coefficients. Now, consider the random polynomial

n
Pn(z) = Zaeﬁ(”_k)ﬂZkzk,
k=0
where the Z; are mean zero complex Gaussians with unit variance, ¢ > 0, and
B € R. Thus, the coefficients now have exponentially growing or decaying variances,

depending on the value of . Let zy be a root of P,(z). Then,

]5”<€B/220) =0 (63”/220 + PN B2+ 7, (eﬂ/ZzO)n)
= gePn/? (Zo+ Zhzo+ ...+ Zn2y)

:O’

and it follows that e®/2z; is a root of f’n(z) Applying Theorem 4.2.1, we can then

conclude that the roots of P,(z) accumulate around a circle of radius /2, uniformly
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in the angle. Furthermore, the fact that the expected number of zeros of P,(z) inside
the unit circle is equal to the expected number outside implies the same property for
P,(z) and the circle of radius e%/2.

To summarize, when the coefficients are dependent complex Gaussians with mean
zero and exponentially increasing or decreasing variances, we have shown that the
zeros will accumulate around the circle of radius €2 in the limit. Additionally, they
will do so uniformly in the angle, and the expected number of zeros inside the circle
will be equal to the expected number outside. The rest of this section’s goal will
be to give a more thorough analysis of this behavior. This will be accomplished by
imposing some restrictions on the covariance function of the coefficients, which will
then allow us to use Shepp and Vanderbei’s techniques to give this more detailed

discussion.

4.2.2 Derivation of a Formula for Computing Zeros

We will assume from now on that P,(z) has the form

n n

(4.20) Po(z) =) (U +iVi)2* =) Z2",

k=0 k=0
where the coefficients are complex Gaussians with mean zero. In addition, they will

have exponentially increasing or decreasing variances; that is,
(4.21) E [Z1Zi] = of = o2 F),

for 0 <k <n,o>0,and § € R. In [26] the coefficients were taken to be indepen-
dent to simplify the calculations. We will now assume some dependence among the
coefficients. Following the explanation given on page 893 in [27], the covariance will

be given by
E[ZvZ;] = E[(Uy + iVi)(U; — iV})]

= E [U,U;] + E [Vi,V}]
(4.22) o2eBen—k—j)/2 o2eB(2n—k—j5)/2

- T(k—3j
5 (k—j)+ 5

= g2ePCn=h=DI2D () — §).

Ik —7)
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Thus,
1 _
(4.23) E[0U)) = EViV)] = SE[2:25] .

Two additional expressions that we will need are

Bolz) = B Pu(z)Pa2)]

(4.24) -
Bi(z) = E [Pn<z)zp,g(z)] .

One main difference from the independent case is that these expressions are not
straightforward to compute; they depend on the values of the spectral density. To
apply these formulas we will rely heavily on deriving asymptotic values throughout
this paper. As before, let v,(2) be the number of zeros of P,(z) in the set Q2. We are
now ready to state our first theorem, which extends Shepp and Vanderbei’s result to

our particular case.

Theorem 4.2.2. For any region ) € C whose boundary intersects the real axis at

most finitely many times we have

(4.25) Bl (Q)] = % /8 ) éF(z)dz,
where
(4.26) Pz = 28

N Bo(Z

~—

Proof. As noted by the authors in [28], the proof used for real Gaussians can be
applied to complex Gaussians, and in which case the computations will simplify. The
first part of this proof will carry out these simplified calculations, while the second
part will apply the spectral density form of the covariance function to compute the
needed expressions.

To start, we can use the argument principle to compute v, () (see [6] for a refer-

1 Pl (2)
V() = o /aﬂ P (2) dz.

By applying Fubini’s Theorem [22] and a result of Hammersley [14] on the distribution

ence). It follows that

of the zeros of a random polynomial with complex Gaussian coefficients, we can take
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the expectation and move it inside the integral. Thus, we arrive at the formula

B, (Q)] = —— /mE {%] i

- 2mi
1 1 !
= — -E 2h(2) dz.
211 Joa 2z | Pu(2)
The rest of the proof will be devoted to deriving the formula for F'(z) = E [%((ZZ))]

given in (4.26).
Following the procedure in [28], we can decompose P,(z) and zP)(z) into their
real and imaginary parts. We have

zP)(z) = Y3 + Y},

where
(4.27) Vio= Yl oaqUi—bV;, Yo = 30 bUj +a;Vj,
s = Y oqUi—d;V;, Yo = Y0 ,diUj+ ¢V

Also,

a; = Re() = ZHZ

b, = Im(z) = 22

¢ = Jjaj,

dj - jbj

Let M denote the covariance matrix of Y = [V, Y, Y; Y, ]7. That is,

E?] 0 B[] B
0 EDF EMY) ENY)
(4.29) M=
B[] EY] EYZ 0
(Epv] BP0 ERY

Let L be the Cholesky factor for M, where

(4.30) L=




We then have the decomposition
E[YY'|=M=LL" =E[LWWTL"],

where W = [ W, W, W, W, ]" is a vector of four independent standard normal
random variables. In addition to L being lower triangular, notice that the above
series of equalities also implies that Y =; LW. That is, Y and LW are equal in
distribution. Using these results, we have

2P (z)  Ys+iY)

P.(z) Y1 +iY,

(I31 + ilg )Wy + (I3 + ily2)Wo + (I33 + ilag) W3 + ilyy Wy
[11W1 + il Wy '

—d

From here, after a series of manipulations and calculations (the details of which are

in [28]), we arrive at the following formula:

2P/ (2)
i =5 | 5
g — lyy iz + la2)
B i(ly1 + loa) '
Now, from (4.23) and (4.27) notice that

(4.31)

E[Y?] = i i(akajE [UpU;] + bib, E [V, VS])

k=0 j=0
=EDY],

E[Y3Y)] = Z Zn:(CijE [UxUs] + dibiE [V Vj])

k=0 j

S
3 |l

(ckajE [Vk‘/;] -+ dkaE [UkU]])

k=0 j=0

and

3
3

E[Y3Ys] = (bre; E[URU;] — ard;E [ViV}])

k=0 j=0
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3
3

= — (ard;E [UpUj] = bre; E [ViVj])
k=0 7=0

= -E[Vin].

Thus, using (4.29) and (4.30), we can solve for the coefficients of L to get

Lo— EE g Ev
E[Y?]’ B[v?)’

l31 _ E[Y3Y1] l32 _ E[Y3Y3]
E[y?]’ B[Y?]’

_ —E[Y3Y3] _ E[YsYq]
l41 - E[Yf] ’ l42 - E[Yf]

Plugging these into (4.31), it follows that
E[Y3Y5] +iE[Y3Y)]
iEY?)
We will next derive expressions for E[Y?], E[Y3Y], and E[Y3Y3]. By (1.2), (4.24),

(4.32) F(z) =

(4.21), and (4.22), we have formulas for the following covariances:

By(z) =Y > #TE |27

k=0 j=0
= Z Z k7 2P k=D2D (| — §)
k=0 j=0
Y / F()e— =006k o=Bk/25 =53 2
(4.33) k=0 j=0 "7

. n n

=2 [ 0) D000 (e ) (e Y do

_ 0_26,811 f((b) Zefﬁ/Q)n+167i(n+l)¢
. 1 —ze Bl2e—id

1 — (26—5/2)n+16i(n+1)¢
. 1 —Ze P/2¢i¢

Bi(z) =) > j¥E(Z,Z;]

k=0 j=0

= Z ijk?azeﬁ@”’k’jwf(k —7J)

k=0 j=0

— 23y / F(@)e= =000 Lk =k/2 27 =Bi/2

k=0 j=0 %~

k
N 1

~~ .

do,

(4.34)

n n

= o™ ' ) Z Z (e_wze_ﬁﬂ)kj (ewze_ﬁ/Q)j do

k=0 j=0
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2€gn T f(¢ 1 — (Ze—B/Q)n+1€—i(n+1)¢
(1 — ze=P2e=10)(1 — Ze—B/2¢i)2

. [_(n + 1)(5675/2)n+16i(n+1)¢(1 . zefﬁ/Qeiqﬁ)
_|_Eefﬂ/26i¢<1 (Zefﬁ/Z)nJrl i(n+1)¢ )} d¢
Using (4.27) and (4.28), we then have
E V7] =) (aa;E[UU;] + beb E[ViV))

k=0 j=0
n n

1 ) 1 —
=> ) 5 ("7 + 2*29) SE[%4:Z)]

(4.35) k=0 j=0
(z 7E [ZkZ ] + 7% IR rk ])

since E[Z,,Z,] = E[Z}.Z;]. Similarly,

E[Y3Y1] = ZZ jara; E[URU;] + jorb E[ViV;])

k=0 7=0

(4.36) k=0 j=0

and

3
3

E[YsYa] =) Y (7bea,E [UU] — jagbE [ViVj))

k=0 5=0

3
3

= i] (zkz] — zkzj) ;E [Zkij]

(4.37) = =0 2
1
44

3
3

(j2"ZE [2:Z;] — j2*FE [Z1Z;])
k=0 j=0

= _IZ [31(2) —T(Z)} :

Plugging (4.35), (4.36), and (4.37) into (4.32) then gives
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as claimed. O

4.2.3 Detailed Results on the Distribution of Zeros

Once we have verified Shepp and Vanderbei’s formula for the expected number of
zeros when some dependence is assumed among the coefficients, we can discuss some
applications. We will proceed as they did, proving a couple of results which illustrate
the behavior of the complex zeros. While we are expecting similar behavior as in
the independent case, the extra assumption of dependence will force us to rely on
the spectral density form of the covariance function, along with several asymptotic
results, to show this. We will prove two theorems that give a more detailed description

of the accumulation of zeros around the circle of radius /2.

Theorem 4.2.3. Let D(r) be the disk of radius r centered at 0. For any s > 0 we

have
_ — —s/(nt1)
8/2-s/2mi1)\y] L —(nF1)e e
Bl (D (c )~ Sl e
l—e*(1+s)
~ 1
(n+1) s(l—es) 7

as n — oo. Note that the first line is an equality in the independent case. Letting

N(n+1)(%—§).

s — 0, it follows that

Proof. From (4.25) we have

1 1
E[v, (D(r))] = — —-F(2)dz
27TZ aD(r) VA
(4.38) ) o
= — F(re®)ds,
2 Jo
where

r=el2s2 Al >0, 2= e,
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and F' is as in (4.26). We will need to determine the asymptotic behavior of Bi(z)
and By(z). Note that we can assume 6 is bounded some small distance away from
—m and w. Otherwise, using the fact that
™ 2 0
r) = [ oo = [ et o= [ et
for any k, the following results will hold with only minor changes to the arguments
used.
Starting first with By(z) we have

™ 1 — e 5/2pi(n+1)(0—0) | _ =5/2pi(n+1)(¢—0)
_ 2 _0Bn .
Bo(z) =o€ /_7r f(¢) 1 — e—5/2(n+1)i(6—9) 1 — e—5/2(n+1)ei(p—06) d¢

— 2P /0+(n+1)_4 f(¢) 1 — 2¢5/2 cos [(n + 1)(0 o ¢)] +es i
= 07(n+1)721£ 1 — 2¢—s/2(n+1) cos (9 — ¢) + e—s/(n+1)
" 1 —2e2cos|(n+1)(0 — @)] + e
2 _pBn d
+o0%e /9+(n+1)_211 f((b) 1 — 26—5/2(n+1) COS (9 _ ¢) + 6_5/(”+1) 925
1
0—(n+1)" 1 1 — 26_5/2 coS [(n + 1)(9 B (ZS)] + s
2 _0Bn
+o%e \/;ﬂ— f(¢) 1 — 2673/2(11%»1) cos (9 . (b) I e*s/(nJrl) d¢

= By + Bi + B;.

For B} we have,

0+ (n+1)"1
Bl ~ 202 / enf(0)
0

: )
. do
s s2 (0—9)2 s s2
(2 B 2(1 T 2(n+1) + 8(n+1)2)(1 T2 ) RS + 2(n+1)2

0+(n 1)7%
N2cn026’g”f(9)/9 o (e_é)dqb

32
2+ 4(n+1)?

4 9 O+ (n+1)~1/4
— cncheﬁ”f(H)g(n + 1) arctan (E(n +1)(¢ — (9))

0
2

~ anQeB”f(Q)—W(n +1).
s

We will next show that B3 and Bj are small compared to Bj. For B3,

B2 ~ 0266"/ cf(¢) d
0 9+(n+1)7i 1 — 2¢—s/2(n+1) cos (9 — ¢) 4 e—s/(nt1) ¢
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< g2pPm " cf () d
s o0¢€ /'94_(1/]4—’_1)411 1 — 2678/2(n+1) CcOS (_(n + 1)*1/4) + e*s/(n+1) ¢

~ g2en ! cf(¢) do
_1 1) 1/2 +
0+(n+1)"4 (n + 4(n+1)2

~ o?ePe(n + 1)1/2

=0 (Bé) .
Similarly, we can also show that B = o (B}). It follows that
By(z) ~ By ~ c,a%e” f(0 ) (n+1)

In the independent case f(6) = % Setting the quantity above equal to the value of

By(z) in the independent case, 0265”%, allows us to solve for ¢,,. Thus,

1—e% S 1—¢e*
T T T T e

n Cn n
ot (n+ )T~ e

and we have now shown that

1—¢°

~ 2 _pBn
(4.39) By(z) ~ 2mo“e P 6_8/(n+1)f(0).

Next, for By(z) we have

5 ( ) o /7r ((Ze—ﬂ/2)n+1e—i(n+1)¢ _ 1) (n + 1) (ge—ﬁ/zem)nﬂ
ne) = (1 — 2ePRe=i9) (1 — ze—P/%ci9)

—T

‘1 - (26*5/2)71Jrl ei(”“)d)r (ze=P2e'? — |z|2e7P)

(1 — ze—ﬁ/Qe—iqﬁ)Q (1 _ 56_5/26i¢)2 f(¢)d¢

_ 0_26,871, " f(¢) _(n + 1) (675/261'("+1)(¢*0) _ 678)

—¢)) (1 — 6_5/2(n+1)61(¢—9))
|1 _ 673/261‘(71+1)(97¢)‘2 (675/2(n+1)6i(¢70) _ 675/(n+1))
(1— e—s/z<n+1>ez‘w—¢>)2 (1-— @—s/2<n+1> ei(9-0))?

L(n+1)
~ O' 6 / f 1 —e 8/2(n+1)61(9 ¢)) (1 — e 5/2(n+1)€i(¢—9))d¢

T —5/2(n 6 —s/(n
. 0265”/ () ( /2(n+1) pi(¢—0) _ o—s/( +1))
(1= 6—5/2(n+1)€z(9—¢)) (1— 6—5/2(n+1)€i(¢—9))2

de

dg

= B| + B;.
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From our work on By we know that

2
B ~ clo?eP (n + 1)2£(0) 2.
S

To handle B? we can apply a procedure similar to the one used on Bj and Bi. We

then have

1
O0+(n+1)"4 2 (e—5/2(n+1) pi(¢—0) _ o—s/(n+1)
B% ~ 0_26,3n/ ( )
0

~(n+1)"4 /o) (1 — 2e=/2vt1) cos (0 — @) + e—S/(nle))2

~1 2 s (6—¢)?2
O+(n+1)"1 ¢, (2(n+1) - )
~ 2f(«9)02e’6"/
9 (000 + 5557
4(n+1)2

026@%62(71 +1)2 [—(45(71 + 1)+ 53 (0 — ¢)
52 s2+4(n+1)2(0 — ¢)?

de

do

= 2f(0)

O+ (nt+1)" 1

+ (m - 2) arctan (g(n +1)(0 - ¢>)>}

2
Bn Cn
~ 2ma?e”™ f(0)(n + 1)2—82.

0

Using the fact that in the independent case

o De=5(1 — —s/(n+1) —s/(n+1) 1 — e 5
B = gt = D (1= ) £ 01— 7).
(1= s/t

we can again solve for the constants using the same procedure as before. Thus,

1 2 —(n+1es(1— efs/(n+1) + 675/(714’1) 1—¢5
0'265”(71, + 1)2C_n + C—Z ~ 0‘26571 ( ) ( (1 T )+1))2 ( )
S S — e—s/(n

Y

from which it follows that

_(n + 1)6—5 (1 . e—s/(n-i—l)) + e—s/(n-i-l) (1 . e—s)

~ 2 _0Bn
(4.40)  By(z) ~2mo’e 1 ool

f(0).

Lastly, since f is real-valued, it is easy to see that

Bl (Z) ~ Bl (Z)

as well. Thus, plugging (4.39) and (4.40) into (4.38) gives us

Efv,, (D(r))] = % /O " F(re®)do

1 [?" By(re?)

= — ———=df
21 Jo  Bo(re?)
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I [ [-(n+1)e e~s/(n+1) "
A 0 1 —es 1 — e—s/(n-‘rl)
_(n + 1)6—5 6—5/(n+1)
T 1 — s 1 — e—s/(n+1)
1—e*(1+s)
~ 1 .
(n+1) s(1—e™9)
Letting s — 0, we have
1 S
~ n{==2
as claimed. O

Theorem 4.2.4. Let r = ¢/271/2:+1) " Thep,

lim E[v, (D(r))] ~ k+1,

as k — o0.
Proof. From (4.25) we have
1 27
Elvn(D(r))] = — / Fre®)do),
2m J,
where
r = P22 o

We will start by applying the Lebesgue dominated convergence theorem to the com-

ponents of F', which results in the formula

_ C(z)
1 F =
am P2 =50
where
B(z) = lim e "B (2) = o? i f(o) 1 . ! d¢o
(4.41) n—00 0 _W 1 — ze Pl2e=i0 1 —ze=B/2ei¢ "’
: i 1 Ze P/2¢id
= 1 _ﬁnB == 2 - i d :
C(Z) nLI{:Q e 1(2’) g /7r f(¢) 1 — Z6*5/26*2¢ (1 N 5675/26Z¢)2 Qb

Applying the Lebesgue dominated convergence theorem once more,

(4.42) lim E[v,(D(r))] ! /27r lim F(re)ds.

n—00 2 n—00
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We can apply an analysis similar to the one used for By(z) and Bi(z) in the proof of
Theorem 4.2.3. Then, for B(z) we have

1

_g/f

O+(k+1)" 1
~o / 1 f(cb
0—(k+1)"1

— 120+ 1)¢i0-0)) (1 — ¢

17204 ) i(o—0)) d¢

1

)1 — 2e~1/2(k+1) cos (6 — @) + e~ 1/(k+1)

de

1

0+ (k1)1
~ ) | a9

o—(ery-t (0 — @)%+
~ 21’ f(0)(k + 1).

4(k:+1

Similarly,

o~ 1/2(k41) gi(6=0) _ ,—1/(k+1)

d
6—1/2(k+1)€i(9—q5))2 (1— ¢

e—l/2(k+1)€z’(¢—0))2
e 1/2(k+1) (g (p—0) — e~ 1/(k+1)

o [ s
0+( k+1)
~ 02/ ) f ) .
0—(k+1)"1 (1 — 2e=1/2(k+1) cos () — @) + e~ 1/(k+1))
(0—¢)°

_1 1
2 O (er1)™4 20k+1) 2
~ 0 N 3
0—(k+1)" 14 <(9 gb) k+1 )

~ 21a? f(0)(k + 1)°.

dgo

de

Plugging into (4.42),

lim E[v,(D(r))] =

n—oo

lim F(re®)df

1 /7
.
L[ O
T o _, B(re?)
1 [™ 270 f(0)(k + 1)
Tor ), 200 f(O)(k + 1)

~k+1.

—=df

do

4.2.4 Conclusions

What we first showed is a general result which gives an idea of the limiting behavior

of the zeros of a random polynomial that has dependent mean zero complex Gaussian
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coefficients with exponentially increasing or decreasing variances. By then adding
certain restrictions to the covariance function, we were able to derive more accurate
results, which in turn give more detailed information on the way in which this occurs.
However, even then we were only able to do this by using approximations and asymp-
totic values. Without having more specific knowledge of the covariance function and
the spectral density, we do not see a way to make these results more exact. On the
other hand, if one were to know the exact expression of the spectral density it is likely

that even more details on the specifics of the behavior could be obtained.
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Chapter 5

Random Sums of Orthogonal

Polynomials

In this chapter we will give a discussion of the zeros of random sums of orthogonal
polynomials, a discussion which is based on the work of Shiffman and Zelditch [29].
Consider a set {px(z)} of orthogonal polynomials. Let Zy, Z1,... be a sequence of
i.i.d. complex Gaussians with mean zero and variance one. Then, a random sum of

orthogonal polynomials is a random polynomial of the form

(5.1) Pu(2) = Zipi(2).

In order to correctly formulate the results of Shiffman and Zelditch, we will need
to give a few definitions. To start, let P,, be the space of polynomials defined on C,
with degree less than or equal to n. For € a simply connected bounded domain in
C with real analytic boundary (which will henceforth be called a simply connected
bounded C* domain; see [1] for further reference), we can define the inner product on

P by

(5.2) Doy = /8 Rererel]

where p is a weight function, p € C¥(0f), the space of real analytic functions on a

real analytic boundary 0.
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Now, given a compact set K € C, the equilibrium measure for this set is defined

as the unique probability measure that minimizes the energy

) == [ [ togle ~ wldu:)dute)

(see [17, 31] for further reference). This measure will be denoted as pg. If {pp(2)}
is an orthonormal basis of P, orthogonalized over a domain (2 satisfying certain
properties, Shiffman and Zelditch showed that the zeros of P,(z) will be distribute
themselves in the limit according to the equilibrium measure for 2. By a slight abuse
of notation, we will let ug represent this measure. In the case of the closed unit disk,
S1, this is simply Lebesgue measure on the circle, denoted by dg1. This statement
will be made more precise in what follows.

If we let {pr(2)} be an orthonormal basis of P, according to the inner product
in (5.2), we can write any arbitrary P, € P, in the form of (5.1). A Gaussian
measure on P, will then be defined by the condition that the Z;’s are i.i.d. complex
Gaussians with mean zero and unit variance. This measure will be denoted by g ,.
An expectation with respect to (P, ,) will be written as Ej, . Finally, we need
to introduce the normalized distribution of zeros for P,. This is defined as

Z@n = 1 Z J,.
" =0
In essence, it measures the zeros of P,. We are now ready to state the main result of

Shiffman and Zelditch.

Theorem 5.0.5 (Shiffman and Zelditch). Suppose that Q is a simply connected
bounded C* domain and that p is a positive C¥ density on 0S). Then,

n NTL 1
(5.3) S0 |25, ] = o+ 0 (5) 7
where i is the equilibrium measure of Q.

As a further note on notation, in this context O(f(n)) corresponds to a distribution

T,, € D'(C) such that

[(Tn, @) < cof(n), Vo eD(C),
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where ¢, does not depend on n.

This result has motivated our investigation of a similar problem, where the random
sums of orthogonal polynomials are composed of the “classic” orthogonal polynomials.
These would include the Chebyshev, Legendre, and Hermite polynomials. Since the
aforementioned polynomials are all orthogonalized on the real line, or some subset
thereof, the given theorem of Shiffman and Zelditch would not apply. Thus, in what
follows we will lay the groundwork for an investigation into the zeros of such random
sums of orthogonal polynomials. We will also present some results pertaining to the

specific case of Chebyshev polynomials of the first kind.

5.1 Random Sums of Orthogonal Polynomials on

the Real Line

Our discussion here will be closely based on the work of Shiffman and Zelditch in
[29], where the necessary changes are made to handle the case when € is a subset of
the real line, rather than a simply connected bounded C* domain in C.

To start, we will formulate Proposition 3.3 from [29], which refers only to the

specific case of orthonormal polynomials on the closed unit disk.

Proposition 5.1.1 (Shiffman and Zelditch). Let u = ds1 denote Haar measure on
S, and let p=1. Then

. ; 1 1 2| 5|2n
B, [nZ3,] = 5 { _ (1)

— dz Ndz.
2m [(|22 = 1)* (|22t — 1)2}

Furthermore, E§ [TLZI@”} = np+ O(1); that is, for all test forms ¢ € D(C),
n 27 0
Sl X e =g [ e dss o),
{2:Py, (2)=0} 0
In particular, E: , [Zﬁn} — u in D'(C).

Once we have the use of this proposition, the idea is to reduce all the other cases

back to the unit disk. In order to accomplish this goal, we must introduce some

90



additional notation. Denoting the unit disk as U and letting C=Cu {0}, for a

simply connected bounded domain ) let
®:C\Q — C\U

be a conformal mapping for which ®(c0) = oo and ®’(c0) € RT. Letting * denote

the pullback, it is a known result that the equilibrium measure for {2 is then given by

(54) Ho = (I)*5517

/(bd/m /¢<1> &)

We will now look more closely at our spec1ﬁc sequence of orthonormal polynomials.

or equivalently,

For the interval [—1, 1], consider the conformal mapping

1/2

(5.5) Pz) =24 (2" —1)"",

which maps C\[—1, 1] to C\U. Additionally, ®(c0) = oo, ®’'(c0) = 1, and P takes the
interval [—1, 1] to the upper half of the boundary of U. Also, let our weight function
p be given by

p(z) = (1—2)"(1—2)",
where « > —1, f > —1. The orthogonal polynomials generated by this weight
function are called the Jacobi Polynomials. The specific set of polynomials we will
consider are the Chebyshev polynomials of the first kind, which arise when o« = 3 =

—%. These are given by

(@4(2) + 274(2))

l\DI»—t

(5.6) Tu(2) =

Note that the Tk(z)’s form an orthogonal set, but are not orthonormal. We will define

the orthonormal set of Chebyshev polynomials of the first kind by

1 ~
To(z) = —WTO(Z),
(5.7) \/_2
Tk(z) = ;Tk(Z), k>0

We are now ready to state our main result.
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Theorem 5.1.1. Let Zy, Zs, . .. be a sequence of independent complex Gaussians, with
mean zero and variance one. Consider the random sum of orthogonal polynomials
gien by .
Pu(2) =Y ZTi(2),
k=0

where Ty(z) is the k-th orthonormal Chebyshev polynomial of the first kind defined
above. Let p be the weight function given by p(z) = (1 — 2)7Y2(1 + 2)~Y2. Then, for

Q= [-1,1],
Bha, (Z5,) = po+ 0 (%) .

Proof. In [29], the authors’ approach was to first prove the desired result for U, then
use a conformal mapping to handle a more general domain. We will follow the same
procedure here. The main changes that need to be made are in section 3.4 of their

work. Keeping the same notation, we will define
Su(z,2) = Y ITe(2),
k=0

and
SU(z2) = _|2™.
k=0

Now, noting that the proof given for Proposition 3.1 in [29] holds for the present case,

we have the formula

n —n _ Z )
(5.8) El, [nzpn] = 5-0010g 5,2, 2).
Thus, our main goal will be to show that

%85 log S, (z,2) = nug + O(1),
m

in D’ (C).
Let
~ Sulz,2)
An(z) = > SU(z,2)’
where
(5.9) S (z,2) = ) |@u(2)]* = st 1) o
k=0 —1’E(|2(‘Z)|2 if z € C/[-1,1].
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From (5.7), for k > 0 we have

2 1 ?
T.(2)|° = |— (&
(5.10) 7i=)l ‘\/27(

_ % [‘Qk(Z)f + [0 (2)[* + 2Re (@k(z)ﬂ(z)ﬂ :

"2) +27%(2))

Now, consider the ellipse in the complex plane with foci at —1 and 1, and semi-axes
given by
1 1 1 _1
5(7‘—1—7’ ), 5(7‘—7‘ ),
where r > 1. We will denote such an ellipse by e(r). ®(z) takes an ellipse of this
form and maps it to the circle of radius r (see Section 1.9 in [30]). Thus, for a point

z of the form

(5.11) z=—(r+r")cosf+ % (r—r~")sind,

N | —

where 6 € [0,27), it follows that
() = re?.
For z of the form given in (5.11), (5.10) becomes

(5.12) () = —

[7’% + 772 4 2cos (2k0)] .
2m

Define
E(R) ={z:z€e(r),l <r<R}.

That is, E(R) is all the points inside the ellipse e(R), with the exception of the line
[—1,1]. For A, (z) we then have

A () — 23 i [ 4 7% + 2c05 (2K0)]
n(z) - Zn r2k:
k=0
(5.13) o Yoo [P AT 4 2 30k cos (2K0)
| D ko T
1 L1370 cos(2k6
P 2km 82RO gy

T on - ZZ:O r2k

We will next need to make use of the following lemma.
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Lemma 5.1.1. Let m be Lebesgue measure on the measure space (2, F), where Q0 =

[0,27) and F is the o-algebra of Lebesque measurable sets. Then,

( Z cos (2k0)

Proof. For k > 0 define
Also, for A € F let

Then, on the probability triple (2, F,P), X;, X, ... is a sequence of identically dis-
tributed random variables, which, while not independent, are uncorrelated. Since

E[X}] =0 and E [X?] = 1/2, by Lemma 5.1 in [8] it follows that

1 <& ” X5 1

2
1 n
w2

which proves the claim. O

Thus,

1 2
>- | <=
— 4] T n

Counsider the fraction

3= > peq 2cos (2k0)
> ko

Let m now represent Lebesgue measure on C. For any z € E(R), let z € B if

Z cos (2k arg (2))| > g
k=1
By Lemma 5.1.1, m(B) = O (%) Also, notice that the inequality
1 21
(5.14) An(z) > S

TS ork (2t — 1)
holds in general. Thus, for ¢ € D(C) we have

/B 006/(2) log A (2)dm(2)| < /B

2
5.15 rr—-1
(5.15) < c |log (W(TQ("H) — 1))

= 0(1).

A r?—1

m(B)

o
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Notice next that if z € E(R)\B, then A,(z) = O(1). Thus,

/ 004(2) log A, (2)dm(z)
E(R)\B

Finally, suppose z € C\{E(R) U [-1, 1]}. Then,
o= > p_q 2 cos (2k0)
2 ko "

which implies that A,(z) ~ ¢. Thus,
/ 00¢(z) log A, (2)dm(2)
C{E(R)V[-1,1]}
as well. Combining (5.15), (5.16), and (5.17), we now have
/ 906(=) log A, (2)dm(z) = O(1),
C

which shows that 991og A,, = O(1) in D'(C). Now, for the weight function w = 1, by

(5.16) = 0(1).

= o(1),

(5.17) — 0(1)

Proposition 3.1 in [29],
n —7n i 2
ESi [ann] = %88 log SY(z, 2).
Applying this result, along with (5.4), (5.8), and Proposition 5.1.1, it follows that
Py _ o (09108 SV _ 59
27r86 log Sp(z,2) = <27T(98 log S, (2, z)) 27T88 log A, (2)

(5.18) = @ (nu+O(1)) +0(1)

5.2 Conclusions

The motivation of this chapter was to lay the foundation for some future work in
this area. While we have succeeded in showing that, for the Chebyshev polynomials
of the first kind, the zeros of P, converge to the equilibrium distribution, we believe
that similar results should hold for the Legendre polynomials, as well as the rest of
the Jacobi polynomials. A further problem that is also of interest is to derive similar
results when P, is composed of the Hermite polynomials. Thus, we hope that this
extension of Shiffman and Zelditch’s work to the Chebyshev polynomials will lead to

further results on the aforementioned problems.
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Appendix A

To give a clearer view of the types of spectral density functions we may be considering,
we have included here graphs of the spectral density for various covariance functions.
Since the formula for the spectral density is given as an infinite sum (1.3), figures
A.1-A.3 are numerical approximations. Figure A.4 is a graph of the equation given

n (1.4). All of these figures were done in Matlab.
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Figure A.1: Spectral density for I'(k) = |k|3/++1
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Figure A.2: Spectral density for I'(k) = k%ﬂ
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Figure A.3: Spectral density for T'(k) =
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Figure A.4: Spectral density for I'(k) = pl*l, p = %
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Appendix B

The following figures represent numerical simulations of the complex zeros of random
polynomials with independent standard normal coefficients. All of the computations
were done in Mathematica. In the captions, n represents the degree of the polynomials
generated, while m is the number of realizations of these polynomials generated.
The polynomials were simulated using normally distributed pseudorandom numbers
generated by Mathematica’s Random function. The zeros were then numerically

approximated using the NSolve function.
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Figure B.1: m=100 n=10
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100 n=50

Figure B.2: m
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Figure B.3: m=100 n=100
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